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Abstract

Empirical studies of racial discrimination vary race while holding nonracial traits
fixed, a design the literature defends as what credible inference requires. This defense
bundles two claims: which effect of race a study should target, and whether its design
can recover that effect. I separate them. The same randomization that secures
credible estimation and inference recovers a family of race estimands, from the all-
else-equal effect to a within-race effect that lets associated traits vary with race.
Every member of that family is causal rather than descriptive, and the choice among
members is a claim about what a racial category is — a claim extending to ethnicity,
religion, and other identity categories that index associated traits. I derive conditions,
weaker than the literature’s, for credible estimation and inference. Reanalyzing a
Spanish-language campaign experiment, I find coethnic preference among Hispanic
voters under the within-race effect and none under the all-else-equal effect.
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1 Introduction

Whether people face discrimination on the basis of race — as well as on other bases such as
religion and ethnolinguistic identity — is among the oldest and most contested questions
in political life. Consider the long-running debate over discrimination against Muslims in
France: Would a French Muslim receive a colder response than a French Christian to a job
application or a request to a public office? As it figures in public debate, the comparison
sets a Muslim of Maghrebi origin — along with associated traits such as Arabic language
and others that characterize a “real” Muslim in popular French perception (Adida et al.,
2010; Diop, 1988)) — against a Christian of European origin who typically bears none of
these traits.

The standard approach is to pull these features apart, treating geographic origin and
its associated traits as confounders of what Adida et al. (2010} p. 22386) call the “Muslim
effect.” Their correspondence study in the French labor market holds the applicant’s Sene-
galese origin fixed while varying the religion the résumé signals, and finds that fewer em-
ployers would respond positively to the ostensibly Muslim applicant. Yet isolating religion
in this way excludes the groups at the center of French public debate — Maghrebi-origin
Muslims and European-origin Christians — putting in their place a Senegalese Muslim and
a Senegalese Christian, each atypical of its category as it figures in that debate. Which
effect of religion, then, is the one to study: the effect of religious affiliation separable from
origin, language, and other traits, or the effect of the category “Muslim” with the traits
the category indexes?

The same all-else-equal move — erasing rather than preserving differences in attributes
across categories — underwrites much of what we know about the effects of race and
ethnicity. As Sen and Wasow (2016} p. 512) observe, “all studies employing exposure to a
racial or ethnic signal share a common experimental design,” one that “present[s] a subject
with information that differs only with respect to signals or cues about race or ethnicity.”

This design ranges from the canonical audit and correspondence studies of hiring (Bertrand



and Mullainathan, 2004; Pager, [2003; Quillian et al., 2017)) to the conjoint experiments
now common in political science (Hainmueller and Hopkins, |2015]). Because the literature
defends the all-else-equal design as what credible inference requires (see, e.g., Butler and
Crabtree, 2021; Heckman, 1998), the choice of estimand embedded in the design is rarely
recognized as a choice at all.

This defense of the all-else-equal design informs a practice that genuinely removes con-
founding but, in the same act, silently fixes which estimand a study recovers (Section .
The literature’s recovery conditions thus bundle two claims this paper separates: an es-
timand commitment, which concerns the contrast a study should target, and a recovery
condition, which concerns whether a design recovers that contrast. Once the two claims
are separated, the all-else-equal contrast defines only one member of a broader family of
counterfactual race effects — including members that preserve the race-conditional struc-
ture of nonracial attributes. A single randomization recovers every member of that family
of estimands. The choice among that family’s members is then substantive rather than sta-
tistical: Differences in nonracial attributes “may not be threats to inference, but, rather, an
important part of the story of racial discrimination” (Crabtree et al., [2023] p. 2, emphasis
added). What has been lacking is a framework that makes these claims precise.

This paper supplies one, consisting of three parts. First, I derive a family of precisely
defined race estimands. Second, I develop substantive grounds for choosing among the
estimands. Third, I provide conditions, weaker than the literature assumes, under which
any member of the estimand family can be recovered with unbiased or consistent estimation
and valid inference.

The framework applies in either of the two dominant regimes for studying discrimina-
tion, exposure-based and perception-based (Hu and Kohler-Hausmann, 2025, pp. 259-260).
In the exposure-based regime, race is a fixed feature of what the decision-maker encoun-
ters — a person or a racial signal — regardless of what the decision-maker perceives (e.g.,
Piper, [1992). For example, an officer may encounter a Black or a White civilian whose

race remains fixed even if the officer cannot perceive (or misperceives) the civilian’s race,



as under a veil of darkness (Grogger and Ridgeway, 2006; Pierson et al., |2020). Likewise,
an employer may encounter a résumé whose name the researcher conceives as a Black or
a White signal, whether or not the signal registers with the employer. In the perception-
based regime, race is instead the racial interpretation the decision-maker forms, so the
regime requires a cue to induce the interpretation — the résumé’s name, say — and the
racial variable is the cue’s uptake, not the cue.

The family of race estimands is bounded by two extremes, with mixtures between
them. At one extreme, the All-Else-Equal Effect (AEE) — of which the average marginal
component effect (AMCE) from conjoint experiments (Hainmueller et al., 2014) is a special
case — forces the distribution of nonracial attributes to be identical across racial conditions.
At the other, the All-Else-Within-Race Effect (AEWR) lets that distribution differ across
racial conditions in ways that reflect the social structure under study. The mixtures hold
some attributes fixed and let others vary by race. Every member of the estimand family is
built from the same unit-level race effect — a counterfactual contrast for a fixed decision-
maker, not a difference across people (Section [3)) — and the members differ only in which
features are held fixed across racial conditions and how the remaining features are weighted,
specifications the researcher sets under the exposure-based regime. No member of the
estimand family is privileged independently of the substantive question.

Under the perception-based regime, the cue’s uptake, rather than the researcher, de-
termines which nonracial perceptions stay fixed and which move with perceived race: A
cue that would shift a decision-maker’s perceived race may shift nonracial perceptions with
it, so the effect the data recover is whichever member of the estimand family those joint
movements compose. Insofar as moving those perceptions together is partly what it means
for a cue to be racialized, as Hu and Kohler-Hausmann (2025)) argue, the member the joint
movements compose is not a failed manipulation but the effect of interest — the perception-
based counterpart of the within-race effect. Although much research seeks cues that shift
perceived race and nothing else (Dafoe et al., 2018; Elder and Hayes, 2023; Landgrave and

Weller, 2022), this paper shows that an isolated shift in perceived race need be neither a



condition for credible inference nor a privileged target.

The framework as a whole enters a debate at the center of the empirical literature
on discrimination: whether, and how, a counterfactual effect of race can be defined and
recovered. Two prominent accounts, one explicitly and one by presupposition, proceed from
a constructivist conception of race on which the category consists in nominal membership
together with the nonracial attributes the category indexes. Both hold one further premise:
A counterfactual effect of race must hold all else equal. Granting the premise, one response
studies one racial cue at a time and sets aside the effect of the category as constituted
(e.g., Sen and Wasow, [2016)); the other retains the category and objects that an all-else-
equal contrast, by holding the indexed attributes equal, cannot be an effect of the category
as constituted (Hu, 2023; Hu and Kohler-Hausmann, [2025)), an objection whose strongest
form dispenses with the potential outcomes framework for detecting discrimination (Kohler-
Hausmann, 2019). This paper’s contribution to that debate is to show that the premise is
a choice rather than a requirement of credible inference (Section [2): Because membership
in a racial category is fixed independently of the attributes the category indexes, contrasts
that hold nothing else equal are well-defined effects of race. One can therefore keep the
category as constituted without abandoning causal inference, and keep causal inference
without reducing the category to a cue.

[ illustrate the framework by reanalyzing a candidate-evaluation experiment (Zarate
et al., 2024) under both regimes, asking whether Hispanic voters reward a coethnic can-
didate — a form of discrimination that favors rather than penalizes. Read through the
exposure-based regime, the all-else-equal effect is indistinguishable from zero, while the
within-race effect is positive and distinguishable from zero. On one experiment, then, the
choice of estimand is the difference between finding coethnic preference and finding none,
a divergence that reflects the different questions the two estimands answer rather than
any artifact of estimation. Read through the perception-based regime, which member of
the estimand family the data recover is no longer the researcher’s to choose; auxiliary

name-rating data (Elder and Hayes, [2023)) suggest the recovered effect is unlikely to be



the all-else-equal member, though the recovered effect remains a well-defined estimand of
discrimination either way.

In Section [9 T close with three questions that emerge once the choice of estimand
is recognized as a choice: (i) how normative theories of discrimination might name the
contrast a study should target; (ii) how a study can report across the family of estimands
or instead adopt and defend a single member; and (iii) what it means to represent a racial
group when some individuals belong to both that group and another defined by, say, income,
so that, unlike race and income on a résumé, which a study can pair freely, the groups’
preferences cannot move independently. Proofs and additional formal material appear in

the Supplementary Material.

2 Must an Effect of Race Hold All Else Equal?
Following arguments that an individual’s race cannot be manipulated (DiNardo, 2007
Holland, 1986} 2001, [2003; Zuberi, |2001), studies of discrimination define the effect of
race not on an individual conceived as someone who could be, say, either Black or White,
but on a decision-maker who could encounter either an individual racialized as Black or
a different individual racialized as White (following Greiner and Rubin, 2011). The effect
is the difference in how the decision-maker would respond to each individual, whether the
encounter is direct, through a résumé, or through another representation of the individual.

Defining the effect through a decision-maker’s responses to two differently racialized
individuals sidesteps the manipulation of race but still depends on a conception of race
itself: who counts as Black or as White. Among the many conceptions of race and ethnicity,
nearly all agree that the categories rest on membership classifications justified in terms of
descent, whether grounded in biological essence or social convention (Andreasen, 1998,
2000; Appiah and Gutmann, 1998} Chandra, 20006}, 2012; Cornell and Hartmann, [1997;
Fearon, 2003} Hardimon, 2003} [2017; Haslanger, 2000; Mills, [1998; Spencer, 2014; Taylor,
2003; Weber, [1978)).

On a classical conception of categories, membership exhausts what a category is (Monk,



Jr.; 2022, pp. 9-10): A racial category consists only in nominal membership as the descent-
based classifications assign it, so a comparison of a Black and a White individual identical
in nonracial features can omit nothing the category is. By contrast, on what Hu (2023)
calls a “thick constructivist” conception of race, a racial category consists in nominal mem-
bership together with the nonracial attributes that membership probabilistically indexes
— the category’s social content (Haslanger, |2000; Taylor, 2003). Race, so conceived, is not
reducible to nominal membership alone.

Insofar as a racial category indexes a distribution of nonracial attributes, some con-
figurations are more typical of the category than others (Rosch, 1973 1975; Rosch and
Mervis, [1975; Wittgenstein, 1953). Typicality increases toward a prototype at the center
of the category-conditional distribution — a graded conception of race already present in
empirical work (Eberhardt et al., |2006; Ma et al., [2015; Maddox, 2004; Ocampo-Roland,
2025)). To call a configuration typical of the category is to describe the social world —
the distribution of nonracial attributes within the category, or the expectations society at-
taches to the category’s members — not to judge how authentically Black or White anyone
is (Appiah, 2005; Appiah and Gutmann, |1998; Gooding-Williams, 1998)).

Two prominent recent accounts of race as a cause proceed from such a constructivist
conception, one explicitly and one by presupposition. Kohler-Hausmann (2019)) embraces
the conception explicitly, as do Hu (2023, p. 12), for whom the marking of racial categories
runs through “phenotype and supposed ancestry,” and Hu and Kohler-Hausmann (2025,
p. 250), for whom racial and nonracial features “co-constitute the category of race.” Sen and
Wasow (2016) presuppose the conception: Their designs exploit within-group variation,
and a single “stick” serves as a proxy that “conveys information about race” (Sen and
Wasow, 2016}, p. 509) — formulations that require a racial category distinct from, and fixed
independently of, any one cue. On either account, the descent that grounds membership —
actual or presumed — can stay fixed when neighborhood or record moves, so who counts
as Black or White can hold still while the attributes vary. In the image of race as a bundle

of sticks (Sen and Wasow, 2016), the attributes are the sticks, and nominal membership is



the string that ties them into a bundle (Section [f]).

Yet from this shared conception a division emerges over what the two racialized indi-
viduals must differ in, and what they may share, for the contrast between them to count as
an effect of race. The division’s two sides move in opposite directions, yet rest on a single
premise: A causal effect in the potential outcomes framework must be an all-else-equal
contrast. Grant the premise, and the category as constituted admits no effect defined in
terms of potential outcomes: An effect of the category would let the indexed attributes
move with membership, and that movement is precisely not holding all else equal. As
Kohler-Hausmann (2019} p. 1171) concludes, “race cannot be conceptualized as an isolated
treatment in the counterfactual causal model, and accordingly, racial discrimination cannot
be defined as the treatment effect of race.”

One response — the cue-effects response — retains potential outcomes and studies one
cue at a time, holding the remaining attributes fixed, while setting aside the effect of the
category as constituted (Sen and Wasow, 2016)). The other — the incompatibility response
— retains the category as constituted and denies that a contrast holding the indexed
attributes equal — the all-else-equal contrast — can be an effect of race (Hu, 2023; Hu
and Kohler-Hausmann, [2025; Kohler-Hausmann, 2019; Kohler-Hausmann and Dembroff,
2022); Dembroff et al. (2020) make the same denial for sex. The denial has resulted in two
conclusions. One dispenses with the framework for detecting discrimination on the grounds
that “[t|he counterfactual causal model of discrimination is based on a flawed theory of what
the category of race references” (Kohler-Hausmann, 2019, p. 1163), a conclusion Dembroff
et al. (2020) also reach. The other holds that positive inquiry into the effects of race
cannot be separated from normative inquiry, a claim the accounts advance with varying
scope (Dembroff et al., 2020; Hu, 2026; Hu and Kohler-Hausmann, |2025; Kohler-Hausmann
and Dembroff, [2022)).

I challenge the premise that the cue-effects response and the incompatibility response
share. As the sections below show, a contrast in which the nonracial attributes move

with racial membership across the two individuals is a well-defined effect in the potential



outcomes framework. Hu and Kohler-Hausmann (2025, p. 253) come closest to relaxing the
premise, expressing one such contrast within potential outcomes, though as the estimand
the constructivist conception calls for rather than as one member of a family of estimands
the researcher can choose among. Once the premise falls, the two responses are no longer
exhaustive alternatives: A study can infer cue effects in the sense of the cue-effects response
and effects of the category as constituted in the sense of the incompatibility response.
Which effect the study targets becomes a substantive choice rather than a consequence of

the premise.

3 Formal Setup

I now formalize the common structure of studies of discrimination and, within it, the
two regimes introduced above. I take the exposure-based regime as the baseline, building
through it the shared apparatus — the configuration space, the potential-outcome function
on it, and the family of race effects; for that reason the exposure-based regime has no
subsection of its own here. The perception-based regime, treated separately (Section
because it recasts the configuration as itself a potential outcome of a cue, borrows that
apparatus intact. Later sections, which treat the two regimes in parallel, give each regime
its own heading.

I develop the apparatus on a running example of prosecutorial charging — a setting
the causal inference literature itself studies (Gaebler et al., [2022) and the case its critics
treat as paradigmatic (Hu and Kohler-Hausmann, 2025). A prosecutor reads an arrest file
and decides whether to file charges. The file records the arrestee’s race — Black or White
— or only cues of race, such as the arrestee’s name, which may induce the prosecutor’s
perception of the arrestee as one or the other. Alongside the stated race or the cue, the file
contains two nonracial features: the location of the arrest and the extent of the arrestee’s
prior record (Hu and Kohler-Hausmann, 2025, pp. 256-257). Neither feature is neutral
background: Black, relative to White, indexes a greater likelihood of residing in — and

so of being arrested in — neighborhoods like Brownsville, Brooklyn, a low-income, largely



Black neighborhood (Hu and Kohler-Hausmann, 2025, p. 256), and a greater likelihood
of an extensive prior record, if only because such neighborhoods are subject to greater
policing.

The example thus confronts the researcher with a choice. Holding location fixed com-
pares a Black and a White arrestee both arrested in, say, Brownsville — a shared location
that makes “the Black arrestee ‘expected’” and “the white arrestee ‘unexpected’” (Hu and
Kohler-Hausmann, 2025| p. 257). Yet an “unexpected” White arrestee is still White. Who
counts as White holds fixed while an attribute the category indexes varies. Letting location
vary instead compares the arrestees at locations more likely within each arrestee’s cate-
gory: say, a Black arrestee in Brownsville and a White arrestee on the Upper East Side, a

high-income, largely White neighborhood. An analogous choice arises for the prior record.

3.1 Decision-Makers, Decisions, and Configurations

There is a set of decision-makers, prosecutors in the running example, and each faces one or
more decisions; indexing the resulting decision-maker—decision pairs as unitsi € {1,..., N},
a unit is one prosecutor reading one case file (Section gives the explicit indexing by
decision-makers and decisions). The pair, rather than the prosecutor, is the unit because the
same prosecutor need not respond alike across decisions (Section . Under the exposure-
based regime, unit ¢ encounters a configuration t; == (z,v): the case file, formally. The
feature z € {0,1} is a racially constituted attribute — a feature specified in terms of race,
such as the race the file states or a name conceived as a racial signal. The remaining
nonracial features v = (vq,...,vr), such as the prior record and the neighborhood, take
values in V = V) X --- X V[, where each V) is finite, and their joint distribution with z may
itself be part of how race manifests in the social world. Each configuration ¢; thus lies in
the common space 7 = {0,1} x V.

The set T is a product space — either racial value can be paired with any nonracial
profile — and this pairing lets every member of the estimand family be defined. What

licenses the pairing is the distinction between nominal membership and the attributes that



membership indexes: For the racial categories this paper treats, membership runs through
descent, actual or presumed, a criterion outside the nonracial profile (Section . A file
that pairs one racial category with a profile typical of the other is therefore atypical, not ill-
defined. Which nonracial features compose v is a substantive choice the researcher makes
in defining the estimands, not a claim about measurement. The framework takes the set

as given and does not derive it.

3.2 Potential Outcomes and the Race Effect

In principle, a unit’s potential outcome could depend on the configurations that other units
encounter — including the other files the same prosecutor reads. A stable unit treatment
value assumption (SUTVA), stated formally in Section[S1.1] rules out such interference and
carryover: The potential outcome for unit ¢ depends only on unit ¢’s own configuration,
defining a function y; : 7 — R, where R is the set of real numbers, with y;(¢;) = v;(z, v)
for t; = (z,v) € T. In the running example, the function y; is the charging response unit
1’s prosecutor would give to each possible file.

A unit-level effect is a contrast between two configurations:

Ti(t,t) = yi(t) — ui(t), t,t'eT.

For race effects, the two configurations differ in the value of z. Writing ¢ = (1,v) and

t' = (0,v'), the race effect is

7 ((1,v),(0,v") = yi(1,v) — y;(0,v"), v, v €V. (1)

Because v and v’ each range over V, the quantity in defines a family of effects, one for
each pair (v, v’) of nonracial profiles. The all-else-equal contrast is the special case v = v';
the opposite extreme leaves v and v’ free to vary across racial conditions. In the running

example, setting v = v’ compares the Black and the White arrestee at one shared prior
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record and neighborhood, while setting v # v’ lets the two files differ not only in race but

also in prior record and neighborhood.

3.3 Perception-Based Regime

Return once more to the running example, and take the file in its other form, recording
race only through the arrestee’s name — DeShawn or Connor. Suppose the file contains
nothing else, so that neighborhood and prior record, like race, are left for the prosecutor to
infer. The arrestee’s own race is fixed however anyone reads the file, but what now drives
the decision is the race the prosecutor perceives, which need not match the arrestee’s own,
and the same cue may move nonracial perceptions too; for some files the name would
move perception not at all. The perception-based regime formalizes this reading, treating
the perceived race and features as potential outcomes of the name and confining the race
contrast to the files whose perceived race the name would actually shift.

Formally, the manipulation is a cue w; € {0,1} — a name (Bertrand and Mullainathan,
2004), photo (Terkildsen, 1993), accent (Purnell et al., 1999), or other stimulus — not the
configuration itself, with w; = 1 intended to induce z = 1 and w; = 0 intended to induce
z = 0. The configuration is the perception the cue actually would induce, not necessarily
the perception the cue is intended to induce. The racial feature, the nonracial features,
and the response are therefore all potential outcomes of the cue.

As in the exposure-based regime, a cue-level SUTVA — stated formally in Section
— rules out interference, so unit i’s response, racial perception, and nonracial perceptions
depend only on unit i’s own cue. Write z;(w) and v;(w) for the racial and nonracial
components of the perception that cue value w would induce for unit ¢, and define the

cue-induced configuration

The component functions z; and v; take values in the same spaces as in the exposure-
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based regime, but here the components are unit-level potential outcomes of the cue. As
under the exposure-based regime, the researcher specifies which perceptions compose wv; the
cue’s uptake, not the researcher, determines the values z;(w) and v;(w). The configuration
realized for unit 7 is ¢;(w;).

The potential response to a cue may in principle depend on the cue through channels
other than the cue-induced perception — through, say, an aesthetic or affective reaction
to the cue that operates whatever race and nonracial features the decision-maker would
read from the cue. To rule out such direct channels — channels that would make part of
the cue effect an effect of the stimulus itself, a part no effect of perceived race in could
represent — I assume the potential outcome depends on the cue only through that unit’s
perceived configuration, an assumption that holds only if every channel through which the

cue moves the outcome runs through the perceived race or the nonracial perceptions v.

Assumption 1 (Perception sufficiency). For all unitsi € {1,..., N} and allw,w’ € {0,1},
ti(w) = t;(w') = yi(w) = yi(w').

Together, the cue-level SUTVA and perception sufficiency (Assumption |1)) do for the

perception-based regime what SUTVA alone did for the exposure-based one (Section (3.2)):

The two assumptions reduce the potential responses to the cue to the same function y;,

evaluated at the cue-induced configuration,

yi(w) = 4i (8:i(w)) = yi (zi(w), vi(w)),  w e {0,1}.

The unit-level cue effect is thus the contrast between the two configurations induced by

the alternative cue values:

7 (8:(1), 2:(0)) = i (2:(1), vi(1)) — i (2:(0), v:(0)) - (2)

Under the cue-level SUTVA and Assumption whether the cue effect in (2|) corresponds

to a race effect in depends on how the cue changes perceived race. Following Frangakis
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and Rubin (2002)), classify units into principal strata by (z;(0),2;(1)): compliers (0, 1),
always-takers (1,1), never-takers (0,0), and defiers (1,0). For always-takers and never-
takers, the cue would induce no race contrast because z would not change across cue
values. For defiers, the cue would move z opposite the intended direction, so the cue effect
equals the negative of a race effect in (1)), evaluated at the perceptions the cue would
induce. The intended directions rest on shared conventions of racial signification — the
coding that makes DeShawn read as Black and Connor as White — so a defier would read
the coding in reverse, against the conventions the cue’s design presupposes. For compliers,
by contrast, the cue would induce the race contrast in the intended direction.

Let C == {i : z(0) = 0,2;(1) = 1} denote the set of compliers. On C, the cue effect
equals the race effect at the configurations ¢;(0) = (0,v;(0)) and ¢;(1) = (1, v;(1)) induced

by the cue:
7i (i(1),2:(0)) = i (1, v:(1)) —w: (0,v:(0)), i €C, (3)

where v;(0), v;(1) € V are the nonracial perceptions that would be induced under each cue
value. Unlike in , where the researcher can in principle set the values of v, v’ € V, the
perception-based regime allows the researcher to set only the value of the cue: Perceived
race moves from 0 to 1 by the definition of C, while the nonracial perceptions v;(0) and

v;(1) are governed by the decision-maker’s potential responses to that cue.

4 Anatomy of an Estimand

An estimand collapses the family of unit-level race effects in into a scalar through three
components: A contrast holds certain nonracial features fixed across racial conditions and
lets the others vary by race; a weighting on V), either common across racial conditions or
race-specific, weights the nonracial profiles; and a subset restricts which units enter the
average. Each such estimand is therefore a linear functional of the potential outcomes —
a difference-scale weighted average of unit-level race effects.

The weighting is either a distribution p on V common across racial conditions — which
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weights nonracial features without regard to race — or race-specific distributions ¢, on
YV — which weight nonracial features conditional on each racial condition z € {0,1}.
Both can be derived from a single joint PMF on T, ¢(z,v) = Pr((Z,V) = (z,v)), via
the marginal p(v) = Y, q(z,v) and, where the denominator is positive, the conditional
7.(v) = q(z,v)/ X pey q(z,v"). These distributions are part of the estimand’s definition
— quantities the researcher specifies, not a model of how the data were generated or an
empirical distribution measured in the study. Because the researcher places these weights,
a distribution may concentrate on any subset of V, and the researcher can put little or no
weight on a profile of no substantive interest. I take the weighting to be common across
units (not to be confused with common across racial conditions); unit-specific distributions

would require only added notation.

4.1 The Estimand: Contrast, Weighting, and Subset

4.1.1 Exposure-Based Regime

Specifying an estimand begins with the contrast. Contrasts can be ordered by how much of
v they hold fixed across racial conditions, running between two extremes. The all-else-equal
contrast holds every feature fixed and the within-race contrast holds none; mixzed contrasts,
holding some features fixed while leaving others free to vary by race, lie in between. Across
all three contrasts, I average over all N units, though the framework allows narrower

subsets.

All-else-equal (AEE) effect. The all-else-equal contrast sets v = v’ so the unit-level
race effect at each v € Vis y;(1, v)—;(0, v). Because both conditions sit at that shared pro-
file, a single distribution p, common across racial conditions, supplies the weights. Weight-

ing these profile-specific effects by p and averaging over all N units yields the All-FElse-Equal
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Effect (AEE),

AEE = L35 [1(1.v) - (0.0)] (o). @)

i=1vey

which, with the weighting common across units, coincides with the average marginal com-

ponent effect (AMCE) of conjoint experiments (Hainmueller et al., [2014)).

All-else-within-race (AEWR) effect. The within-race contrast leaves v and v’ free to
differ, so each side of the racial contrast is weighted by its own race-specific conditional ¢,

— the distribution of v within racial condition z — and averaging over all N units yields

the All-Else-Within-Race Effect (AEWR),

ABWR =+ 3 | S L v) av) — 3 :l0,0) ao(o)| (5)

i=1 |veY v'ey

The AEE and the AEWR reverse the order in which they difference and average: The
AEE differences the racial conditions at a shared profile and then averages the within-
profile differences over the common p, while the AEWR averages each racial condition over
its own ¢, and then differences the race-specific averages, with no shared profile anchoring
the comparison.

The two estimands differ except in special cases: The difference between the AEWR and
the AEE vanishes when ¢; = qq, so that each racial condition’s own distribution is already
the common one, or when the average potential outcome §(z,v) == (1/N) XN, yi(z, v) is
constant in v for each racial condition z, so that every distribution returns the same race-
specific average. Proposition in the Supplementary Material records the gap between
any two members of the estimand family, mixed effects included, and shows that the same

logic determines when the members differ.

Mixed effects. The choice of contrast need not be all-or-nothing. Consider racial dis-

crimination in officer use of force (Fryer, Jr., 2019; Knox et al., 2020): Officers are the
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decision-makers, civilians bear the configurations, and the researcher may want to use a
legal standard to sort the features of v. Conduct such as openly carrying a weapon bears
on that standard and may be held fixed, while dress and neighborhood, no legally justified
basis for force, may be left free to vary by race.

A mixed contrast divides the nonracial features into a fixed set and a free set. The fixed
features are held equal across racial conditions, while the free features vary by race and are
averaged over within each racial condition. The weighting follows the partition: A common
distribution weights the fixed features, as p weights all of v for the AEE, and race-specific
distributions weight the free features given the fixed profile, as the ¢, do for the AEWR.
In the use-of-force example, the two racial conditions share one weighting over whether
the civilian carries a weapon, while dress and neighborhood follow each racial group’s own
distribution given that conduct. A mixed effect is thus all-else-equal on the fixed features
and within-race on the free ones; Section of the Supplementary Material gives the

formal partition and the resulting partially marginalized average effect.

4.1.2 Perception-Based Regime

Perceived configurations lie in the same space T as in the exposure-based regime (Sec-
tion , so the cue effect belongs to the same family of unit-level race effects. What the
perception-based regime withholds is the choice among that family’s members: Under the
cue-level SUTVA (Section , each cue value induces a single perceived configuration
(zi(w), v;(w)) for each unit. For compliers, the cue fixes the nonracial perception at what-
ever value of v;(w) the cue would induce. This degenerate distribution is common across
racial conditions when v;(0) = v;(1) and race-specific on at least some nonracial features
otherwise.

The cue effect in corresponds to the race effect in (|1)), now read as the effect of per-
ceived race, only for the compliers C (Section . For compliers, and for compliers alone,
the cue would move perceived race from 0 to 1 — the contrast in . The subset therefore

narrows from all N units to those in C, and under perception sufficiency (Assumption
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the average cue effect on C is what I call the natural race effect among compliers (NREC),

NREC = 13 [ (1 wu(1)) = 0 0. 0.0))]. (6)

i€C

where |C| is the number of compliers.

The NREC averages the mix of contrast types the cue induces among compliers. If
v;(0) = v;(1) for a complier, that unit contributes an all-else-equal contrast; if the cue
changes every nonracial feature, a within-race contrast; and if the cue changes some non-
racial features but not others, a mixed contrast. Only if v;(0) = v;(1) for every ¢ € C does
the NREC reduce to the all-else-equal estimand among compliers, the standard target in
the perception-based literature (Dafoe et al., 2018} Elder and Hayes, 2023; Landgrave and
Weller, 2022). As the introduction argues, the co-movement does not disqualify the NREC
as an effect of race: Each induced contrast is a unit-level race effect in , and insofar as
shifting nonracial perceptions together with perceived race is partly what it means for a cue
to be racialized (Hu and Kohler-Hausmann, [2025), the NREC is not a failed manipulation
but the effect of interest.

The label natural follows mediation usage (Pearl, [2001; Robins and Greenland, [1992),
under which a mediator takes the value the treatment would induce. The simultaneous
ordering matches how Hu and Kohler-Hausmann (2025, p. 251) describe reading a cue

racially: activating the category together with the nonracial attributes the category indexes.

Perceived Perceived
Cue . Cue
race foreignness

(a) sequential (b) simultaneous

Perceived
race

Perceived
foreignness

Figure 1: Sequential versus simultaneous mediation, illustrated with perceived foreignness:
In panel (a), the cue would move the nonracial perception only through perceived race; in
panel (b), alongside perceived race.
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Note that, although the simultaneous ordering is the one Hu and Kohler-Hausmann
(2025)) describe, the sequential ordering is no less compatible with the thick constructivist
conception: Inference from perceived race to nonracial attribute can be one way the cat-
egory’s indexing operates (VanderWeele, [2015). The orderings differ instead in where the
movement sits (Figure . Downstream of perceived race, the inferred attribute moves as

part of the effect of race itself, so nothing co-moves that an all-else-equal contrast must

hold fixed.

5 All-Else-Equal as a Substantive Commitment

Restricting the estimand family of Section [] to the all-else-equal contrast involves two
tradeoffs. The first is conceptual: On some conceptions of race, holding nonracial attributes
fixed across racial categories may strip away part of the category’s social content. The
second is structural: Insofar as the distribution of nonracial attributes differs by racial
category, no single weighting over profiles can simultaneously represent the distribution
of those attributes within each racial group. Neither tradeoff condemns the all-else-equal

contrast; together they make adopting it a substantive decision rather than a default.

5.1 The Conceptual Tradeoff

On the classical conception (Section , nominal membership exhausts the category, so a
contrast that moves membership while holding the indexed attributes fixed compares the
categories whole. On the thick constructivist conception, the same contrast compares the
categories stripped of their social content. With the indexed attributes held fixed, what
varies across the two individuals is nominal membership alone — the string without the
bundle. The contrast can therefore refer to the effect of membership as such (Hu, 2023,
but not to the effect of the category as constituted (Hu and Kohler-Hausmann, 2025).
On either conception, the contrast is well-defined; the conceptions differ only in what the
contrast gives up.

The conception sets what the contrast costs, not whether to adopt it. Even on the thick
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constructivist conception, a study may hold the indexed attributes fixed for other reasons:
because the study seeks the mechanisms through which race exerts an effect, or because
differences in some attributes normatively justify differential treatment. The study then

pays the cost deliberately rather than by default (Section .

5.2 The Structural Tradeoff

Even if the goal is only to represent each racial group well, the all-else-equal contrast
requires one weighting over nonracial profiles applied to both racial categories. When
the two groups’ distributions of nonracial profiles overlap only slightly, as the arrestees’
neighborhoods and prior records do in the running example, the common weighting faces
a tradeoff. Confined to the small region of overlap, the weighting captures only a sliver
of each group rather than the profiles where most group members lie. Spread out to
represent both groups more faithfully, the weighting must place mass on profiles improbable
under one group’s distribution or the other’s. The race-specific weightings ¢, escape the
tradeoff, evaluating each racial condition where its own mass lies, though the escape costs
the common distribution and, with it, the all-else-equal contrast. Figure [2] depicts the two
choices of common weighting, together with the race-specific weighting, in the attribute
space of the running example; Proposition in Section formalizes the structural

tradeoff.
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(a) p confined to the overlap (b) p spread over both groups (¢) each condition weighted by its own q
Keeps: comparisons at profiles Keeps: each group’s Keeps: each group’s own
typical of both groups typical profiles distribution of profiles
Gives up: most of each Glives up: comparison points typical Gives up: the all-else-equal
group’s mass of both groups at once comparison

Figure 2: The structural tradeoff in the attribute space of the charging example. Each
closed curve is a contour of a group’s distribution of nonracial profiles (outer curve: at
least a 1 — € share of the group’s mass, Proposition ; inner curve: the denser core), and
shading marks the support of the weighting. Panels (a) and (b) show the two choices of
common weighting p; panel (c), the race-specific weightings q,.

5.3 Grounds for Choosing the Contrast

A classical conception of the racial category points to the all-else-equal effect, and a thick
constructivist conception points to the within-race effect. Yet even on that conception,
whether race indexes a feature does not alone settle whether to hold the feature fixed. The
further grounds for the contrast sort the features on criteria of their own. A study that
embraces the thick constructivist conception may therefore reasonably hold fixed attributes
that race indexes, yielding a mixed or all-else-equal contrast (Section . The grounds
that follow, for choosing first the contrast and then the weighting, are illustrative rather
than exhaustive, and several may apply in one study; Table in the Supplementary
Material collects the grounds, ordered by which component of the estimand each ground

bears on.
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5.3.1 Analyzing Causal Mechanisms

Under the sequential ordering of Figure , panel (a), decision-makers infer nonracial at-
tributes from race, and a substantial literature asks whether such statistical, as opposed to
taste-based, discrimination (Arrow, (1973 Becker, 1957; Phelps, [1972) is less morally ob-
jectionable (e.g., Alexander, [1992; Hellman, 2008; Lippert-Rasmussen, 2011). Apart from
those normative debates, identifying the pathways through which racial effects operate is a
positive question in its own right, an inquiry that may itself be motivated by a normative
commitment to understanding how to reduce discrimination.

Holding an attribute fixed across the racial conditions can block a pathway through
which race, or a signal of race, affects the outcome. An inferred attribute, however, is itself
a potential outcome of race, so it cannot be held fixed directly; what a design controls is
the information the configuration provides. Providing the attribute aims to preempt the
inference the decision-maker could otherwise draw by fixing the corresponding belief at the
provided value. If successful, the design achieves “perfect” — as opposed to imperfect —
“manipulation of the mediator” (Acharya et al., 2018, p. 359). The racial contrast at that
value then blocks the mediating path and isolates the remaining channels (VanderWeele
and Robinson, [2014]) — isolation that implies neither that the “true” effect of race is what
remains once one blocks particular pathways nor that any one pathway is a privileged effect
of race. For example, by stating a partisan signal alongside a racially distinctive name in
constituency service requests to state legislators — who may favor copartisans (Fenno,
1978) — Butler and Broockman (2011) supply the party identification that legislators

could otherwise infer from race (Mcdermott, [1998]).

5.3.2 Normative and Legal Commitments

In much empirical work, normative commitments about when a decision-maker is justified
in discriminating are often implicit (Hu, 2026, Hu and Kohler-Hausmann, 2025; Kohler-

Hausmann, 2019). The example of racial discrimination in officer use of force (Section
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made one such commitment explicit by sorting the conduct that may justify force from the
features that may not. The study of racial disparities in health care, an important area
of inquiry in political science and related fields (Grogan and Park, [2017; Michener, 2018,
2020; Olvera et al., 2023)), makes such commitments systematic, building them into the
definition of disparity itself.

Drawing on a conception of certain disparities as “avoidable, unfair, and unjust” (White-
head, |1992, p. 107), the landmark report of the Institute of Medicine (IOM) defined dis-
parity in health care as “racial or ethnic differences in the quality of health care that are
not due to access-related factors or clinical needs, preferences, and appropriateness of in-
tervention” (Institute of Medicine, 2002, pp. 3-4). On this standard, differences in care
between, say, Black and White patients are justified only insofar as those differences reflect
needs or preferences (Cook et al., 2009a}, 2012} 2009b; McGuire et al., 2006]).

The IOM’s needs-and-preferences criterion has generated work distinguishing “allow-
able” from “non-allowable” sources of racial differences in health care (Cook et al., [2012;
Duan et al., 2008; Jackson, [2021). McGuire et al. (2006) implement that distinction by
holding health status fixed across racial conditions while leaving race-specific distributions
of non-allowable features, such as socioeconomic status, unchanged. The resulting estimand
marginalizes over the allowable feature using a distribution common across racial groups
and over the non-allowable features using each group’s own distribution. In the vocabulary
of the mixed contrast (Section [4.1)), the normative distinction sorts allowable features into

the held-fixed set and the non-allowable features into the free set.

5.4 Grounds for Choosing the Weighting

The choice of weighting is specific to the exposure-based regime since, as Section ex-
plains, in the perception-based regime each complier’s configurations are fixed potential
responses to the cue, so no p or ¢, enters the estimand. Like the choice of contrast, how
to specify the conditionals ¢, and the marginal p — set by the researcher, not estimated

from the data (Section {4)) — is a substantive choice that turns on what the comparison is
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meant to represent. I give two motivations: external validity and typicality.

5.4.1 External Validity

A researcher who wants the estimand to speak to a specific target population can cal-
ibrate the joint distribution ¢(z,v) to match that population’s distribution of profiles.
For the AMCE, de la Cuesta et al. (2022) calibrate the common marginal p to external
benchmarks; because the calibrated distribution is common across racial conditions, the
reweighting presupposes the all-else-equal contrast. The family of race estimands in Sec-
tion [4| permits the same calibration on the race-conditional side, with each ¢, matched
to the target population’s within-race distribution. Section shows that calibrating
each ¢, requires reference information about how attributes co-vary within race, which

single-attribute marginals do not supply.

5.4.2 Typicality

Section [2| described a graded conception of typicality, on which racial categories are or-
ganized around prototypes and typicality may vary continuously with perceived similarity
to the prototype. The conditional distribution ¢, can encode that gradation by assigning
greater weight to profiles that are more typical of group z. Ma et al. (2015)), for instance,
operationalize such typicality with racial-prototypicality scores derived from respondents’
photograph ratings.

One way, among many, to translate graded typicality into the conditional distribution
¢.(v) builds on the construction of Géardenfors (2000, 2014). In this construction, how
typical a profile is of group z — for example, how typically Black or White the profile
is — corresponds to the profile’s closeness to the group’s prototype, with each nonracial
attribute weighted by how diagnostic it is of group membership. Profiles near a Black
prototype are therefore more probable under ¢;, and profiles near a White prototype are
more probable under ¢y. In a name-based audit study, for example, the Black prototype

might center on names like DeShawn or Jamal, with Connor or Greg at the periphery. The
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rate at which typicality declines with distance from the prototype may differ across groups,

so DeShawn may register as more atypically White than Greg does atypically Black.
6 Recovering the Estimand Family without Holding

All Else Equal

Section [b| treated the all-else-equal contrast as a choice of estimand; whether data recover a
chosen estimand is a separate question. The literature’s answer to each recovery problem —
confounding under exposure, excludability under perception — does double duty, securing
recovery while silently restricting the estimand to the all-else-equal contrast. This section
shows that, in each regime, a weaker condition secures recovery alone, so the choice of

contrast and weighting remains substantive.

6.1 Confounding

A unit’s race effect contrasts two potential outcomes — the responses to a Black-marked and
to a White-marked file — and at most one can be observed; nor does the same prosecutor
at a later decision supply the other. A docket that fills toward the end of a term, attention
that flags over a day, or an intervening high-profile case may each change the prosecutor,
so the response either file receives need not equal the response the same file would have
received at the other decision. When chance alone determines which unit encounters which
file, the units under different configurations differ only by chance, so systematic differences
in their responses reflect the files. Studies of discrimination therefore remove confounding
through the assignment of configurations to decision-makers. Experiments randomize that
assignment directly (e.g., Bertrand and Mullainathan, |2004; Sen and Wasow, 2016), and
observational studies are judged by how closely their assignment processes approximate
such a randomization (Cochran, [1965; Rubin, [2008)).

By two conventions of practice, the assignment also fixes the estimand. First, the
association between race and the nonracial attributes it indexes is itself called confounding,

and a problem so named invites a remedy in the assignment of configurations. Second, the
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weights that define the estimand are read off the assignment rather than chosen in their
own right.

The literature’s guidance prescribes one form of assignment: The two racial conditions
share one distribution over nonracial profiles — so that whatever neighborhood and record
a file contains, its chance of being marked Black is the same — with identical probabilities
for every unit. This one act of random assignment is chosen to satisfy two conditions in
the name of removing confounding, and only one of the two matters for unconfounded
inference.

The two conditions do two jobs — selecting the estimand and securing valid inference
— and because both are properties of one mathematical object, the researcher’s single
choice of assignment settles both at once. Write the assignment as the array of unit-level
probabilities p;(z,v) = Pr(T; = (z,v)) that unit ¢ encounters configuration (z,v), and

define the two conditions as two invariances of that array, in deliberately parallel form.

Definition 1 (Unit-blind and profile-blind assignments). An assignment with unit-level
probabilities p;(z,v) is unit-blind if p;(z,v) does not vary with i: FEvery unit faces the same
probabilities, so the assignment cannot track a unit’s attributes or potential outcomes. The
assignment is profile-blind if Pr(Z = z | V' = wv) does not vary with v: Race falls indepen-

dently of the nonracial profile, so neither racial condition is tied to particular profiles.

Unit-blindness is an invariance across units, holding when all rows of the array are identical,
and profile-blindness is an invariance across profiles, holding when the share of probability
on each racial condition is the same within every nonracial profile.

A stripped-down charging example makes the two conditions — unit-blindness and
profile-blindness — concrete (Figure |3): Three prosecutors each read their own case file,
and each file pairs the arrestee’s race with a nonracial profile of neighborhood disadvantage
(lo/hi) and prior record (no/ex), and the assignment’s probabilities form a 3 x 8 array, one
row per prosecutor and one column per configuration. The uniform default of Hainmueller
et al. (2014) (panel a) and a population-calibrated design of de la Cuesta et al. (2022)

(panel b) satisfy both invariances: The rows are identical, and the chance that a file is
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marked Black, Pr(Z = 1|V = v), is constant across nonracial profiles; the only difference
between the two panels is the weighting p common to the two racial conditions.

The two conditions can fail separately. Panel (¢) keeps the rows identical but lets
the chance that a file is marked Black vary across nonracial profiles, from 1/4 at (lo,
no) to 3/4 at (hi, ex), so unit-blindness holds while profile-blindness fails — and because
every configuration retains positive probability, panel (¢) supports the same inferences as
panels (a) and (b). Unit-blindness would fail instead if some prosecutor’s row differed
from the rest. If, say, prosecutors in heavily policed boroughs were both more likely to
receive Black-marked files and more likely to charge, the Black-file cell means would draw
disproportionately on those prosecutors, mixing the effect of the file with differences among

the prosecutors who read it.
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(a) uniform p (Hainmueller et al. 2014) (b) population p (de la Cuesta et al. 2022) (¢) race tracking the profile
Unit-blind and profile-blind Unit-blind and profile-blind Unit-blind, not profile-blind

Pr(Z=1|v) =} at every v Pr(Z=1|v) =3 at every v Pr(Z =1 | v) rises from } to 2

Figure 3: Three configuration assignments for the charging example: one row per prosecutor
i, one column per configuration (z,v), cell shading proportional to the cell’s probability.
The dotted bottom margin reports the weights read off each assignment, Pr(V = v|Z = 2):
one common weighting p in panels (a) and (b), the race-specific ¢, in panel (c).
Unit-blindness settles the inferential problem by itself. Every member of the estimand
family is a difference between two race-specific weighted averages of cell means (Section [4)).
Part (i) of Proposition |l|states that a unit-blind assignment recovers every member of the
family without bias, so long as the assignment places positive probability on every profile
with positive weight under the target (Section ; the proof never invokes profile-blindness.
Profile-blindness is neither necessary nor sufficient for recovering any member of the esti-
mand family; profile-blindness contributes nothing to whether inference is confounded. If

profile-blindness buys no inference, what is profile-blindness buying?

The answer is the second of the two conventions. The field reads the estimand’s weights
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off the assignment, so the distribution the design places on nonracial profiles within each
racial condition becomes the distribution over which the estimand averages, Pr(V = v|Z =
z). The convention is nearly universal: As de la Cuesta et al. (2022, pp. 20-21) report,
88% of reviewed conjoint articles randomize every factor with the uniform distribution, and

fewer than 4% theoretically motivate the randomization distribution in the main text.

Proposition 1. Suppose the configuration-level SUTVA (Assumption , so that the es-
timand family of Section [} is well defined, and let the assignment be unit-blind, with fized
cell counts and p(z,v) > 0 on every profile with positive weight under the target. (i) For
every member of the estimand family, the difference in cell means reweighted to that mem-
ber’s weighting is unbiased for that member; profile-blindness plays no role. (ii) If instead
the researcher reads the weighting off the assignment, so that nonracial profiles within each
racial condition are weighted by Pr(V = v | Z = z), then the weighting is common across

the two racial conditions if and only if the assignment is profile-blind.

Section gives the proof of part (7i); part (i) is the unbiasedness of the plug-in estimator
of the estimand family, developed in Section [7|and proved in Section . Part (7) is what
randomization buys; part (i) is what profile-blindness buys. A weighting common to the
two racial conditions is the all-else-equal structure of , so profile-blindness, read for its
weighting, is the selection of the all-else-equal member. Profile-blindness was never doing
inference; profile-blindness was choosing the estimand.

Both concerns travel under one name, confounding — applied by the statistical litera-
ture on causal inference to dependence between the assignment and the potential outcomes,
and by critiques of discrimination experiments (Heckman, 1998) to the association between
race and the nonracial attributes it indexes. One name applied to two conditions presents
their joint removal as a single requirement, which is how the choice of estimand came to
arrive inside a credibility condition: To remove confounding, in the undifferentiated sense,
was to run a clean experiment and, in the same act, to choose the all-else-equal effect.

Reserving confounding for failures of unit-blindness breaks the fusion and matches the
word’s formal definition: An assignment mechanism is unconfounded when its probabilities

do not depend on units’ potential outcomes (Imbens and Rubin, 2015; Rosenbaum and
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Rubin, 1983). On this usage, the association between race and the nonracial attributes it
indexes is never a confounder. Sorting those attributes into the held-fixed and the free is the
choice of contrast, a choice made on substantive and often normative grounds (Section .
Confounding remains a property of the assignment, so normative considerations enter the
choice of estimand, not the inference that recovers the chosen estimand.

The distinction between choosing and recovering the estimand also explains the conclu-
sion, noted in Section [2] that positive inquiry into the effects of race cannot be separated
from normative inquiry (Hu, 2026; Hu and Kohler-Hausmann, 2025). When one act of
assignment must both select the estimand and secure inference, the normative grounds of
the estimand present themselves as normative grounds of inference. Separate the two jobs,
and the appearance dissolves: The estimand can be, and often is, normative; inference,
once the estimand is fixed, is not.

Two connections between assignment and estimand remain, and both run from the
estimand to the design: support — which profiles the assignment can produce at all —
since the assignment must place positive probability on every profile with positive weight
under the chosen member of the estimand family, and precision, taken up in Section [7] The
design secures the estimand’s recovery; the design never selects the estimand. Lundberg
et al. (2021) recommend the same order, estimand before design, for empirical research

generally, and Blair et al. (2019) formalize the order for political science.

6.2 Excludability

In the perception-based regime, the researcher assigns the cue w; € {0,1}; the perceptions
the cue would induce, z;(w) and v;(w), are potential outcomes of the cue (Section [3.3).
The target is the NREC of @, the average over the compliers C of the outcome contrasts
the cue would induce. Complier status is counterfactual — defined by both potential
racial perceptions while any realized cue reveals at most one — so the NREC cannot be
formed by subsetting. Recovery proceeds instead through two averages over all N units,

the cue’s average effect on the outcome and the cue’s average effect on perceived race;
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under assumptions given below, the ratio of the first to the second equals the NREC:

N Zin i (2:(1), 0i(1)) — i (24(0), v:(0))]
¥ Zit [7(1) = 2(0)] ’

(7)

the cue’s average effect on the outcome divided by the cue’s average effect on perceived
race.

Suppose that no unit would invert the cue, perceiving the Black cue as White and the
White cue as Black, so that every unit is a complier, an always-taker, or a never-taker
(Section . The two averages in the ratio then run over the compliers, whose contrasts
the NREC averages, and the non-compliers, whose contrasts the NREC excludes. Any
difference between the ratio in (7)) and the NREC in @ therefore comes from the non-
compliers alone. For the ratio to equal the NREC, it thus suffices that the non-compliers

contribute nothing, and the following assumption states that condition.

Assumption 2 (No isolated nonracial shift). For all units i € {1,..., N} with z(0) =
zi(1), v;(0) = v(1).
Assumption [2] asserts that the cue would not move nonracial perceptions on its own: A
decision-maker who would read “Lakisha Washington” and “Emily Walsh” (Bertrand and
Mullainathan, 2004)) as the same race would, under the assumption, pick up none of the
names’ nonracial content.

The assumption restricts non-compliers alone. A complier’s perceptions remain entirely
free: Racial perception may shift with nonracial perceptions in tow, or shift by itself. The

NREC averages whatever joint movement the cue would induce among compliers.

Proposition 2. Suppose the cue-level SUTVA (Assumption , no defiers, the existence
of at least one complier — conditions stated formally in Section — and perception

sufficiency (Assumption . Under Assumptz’on@ the ratio in equals the NREC in @

The literature secures the equality of the ratio and the NREC through conditions
stronger than Assumption [2| and frames the stronger conditions in terms of excludabil-

ity. Butler and Homola (2017, pp. 122-123) assume the outcome does not depend on
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perceived nonracial features, y;(z,v) = y;(z,v’). Dafoe et al. (2018, eq. 6, p. 404) require
that the cue move no unit’s nonracial perceptions, v;(0) = wv;(1) for all ¢ — information
equivalence in their vocabulary, cue stability hereafter — and relate the requirement to the
exclusion restriction in instrumental-variable analysis (Elder and Hayes, 2023; Landgrave
and Weller, 2022)). With defiers ruled out, every unit is a complier or a non-complier, so a
condition imposed on every unit says two separate things: what the condition requires of

non-compliers and what the condition requires of compliers.

Proposition 3 (Decomposition of cue stability). Suppose the cue-level SUTVA (Assump-
tion , no defiers, the existence of at least one complier, and perception sufficiency (As-
sumption [1)). Cue stability is the conjunction of (i) Assumption [q and (ii) complier cue
stability: v;(0) = v;(1) for all i € C. Conjunct (i) is necessary and sufficient for the ratio
mn to equal the NREC, and, given conjunct (i), conjunct (ii) is necessary and sufficient
for the NREC to equal the AEE among compliers.

The two conjuncts restrict disjoint sets of units and do different work (Figure . Given
conjunct (7), the ratio equals the NREC, so no recovery remains for conjunct (7i) to help;
what conjunct (ii) determines is the estimand. Holding compliers’ nonracial perceptions
fixed across the cue values leaves each complier’s induced contrast differing in perceived
race alone, and the NREC collapses into the AEE among compliers (Section . I draw
from the decomposition a distinction the literature leaves implicit: Conditions on the units
outside the target subgroup bear on whether the ratio equals the NREC; conditions on
the units inside the target subgroup bear on which member of the estimand family the
ratio equals. The distinction is the perception-based counterpart of unit-blindness and
profile-blindness in Section : Conjunct (i) does the recovery work of unit-blindness, and

conjunct (i) the estimand work of profile-blindness.
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The identifying ratio averages over all N units

Zero contribution The NREC averages over Zero contribution
required the compliers C required
never-takers compliers C always-takers

(2;(0), 2;(1)) = (0,0) (24(0), 2(1)) = (0, 1) (2;(0), 2;(1)) = (1, 1)

No isolated nonracial shift
v;(0) = v; (1) for all i with z;(0) = z; (1)

Cue stability l l
v;(0) = v;(1) for all i

Channel exclusion l l
v;i(z,v) = y;(z, ') for all i

Recovery role: makes the ratio equal the NREC
[ Estimand role: restricts the NREC to the AEE among compliers

Figure 4: Excludability conditions as coverage over the compliance types (defiers ruled
out; segment widths illustrative). Brackets: The ratio in averages over all N units,
while the NREC averages over the compliers only, so the hatched flanks must contribute
zero. Rows: Each assumption covers the units it restricts; color records each block’s role

(Proposition .

Reserving excludability for conditions on the units the target excludes gives the word one
target-invariant meaning: Conjunct (i) exhausts excludability’s content whichever member
a study seeks, while conjunct (i) is a condition of a different kind — not recovery but the
selection of the all-else-equal member. A researcher who wants the AEE among compli-
ers may therefore design cues with conjunct (i) as the aim; a researcher who wants the
NREC needs conjunct (7) alone, and on either target the movement of compliers’ nonracial
perceptions does not violate excludability.

The ratio in @ is the Wald ratio (Angrist and Pischke, |2008, pp. 127-128; Gerber and
Green, 2012, p. 180), and the recovery of the NREC in Proposition has the same structure
as the identification of local average treatment effects (Angrist et al., [1996; Imbens and
Angrist, 1994), with the cue as the instrument and the perceived configuration — racial
and nonracial components together — as the treatment. Section of the Supplemen-
tary Material develops the parallel, including why conjunct (7i) has no counterpart in the
classical setting of instrumental variables.

In practice, many cue-based studies measure perceived race, if at all, in a separate
sample rather than on the decision-makers who supply the outcome, so such studies can

estimate only the numerator of ; the numerator shares the NREC’s sign and understates
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the NREC’s magnitude (Corollaryof the Supplementary Material), and a researcher can
treat the unknown complier share as a sensitivity parameter, analogous to the sensitivity

analyses in Leavitt and Rivera-Burgos (2024, [2026)).

7 Estimation and Inference across the Estimand Fam-
ily
7.1 Exposure-Based Regime

Under the exposure-based regime, the researcher’s design choice is the set of cell counts
— how many units encounter each profile — and random assignment allocates units to

profiles given those counts.

Assumption 3 (Complete random assignment of configurations). Given cell counts n.,,
one positive integer per profile (z,v) € T, the configuration assignment T = (T4, ..., Tx)
takes each value in the resulting set Q0 with probability 1/|Q2|, so Pr(T; = (z,v)) = n,,/N.

Because the probabilities n,,/N do not vary with the unit, the assignment is unit-blind
(Definition , unable to track a unit’s attributes or potential outcomes; the assumption
leaves profile-blindness unconstrained. Unit-blindness suffices to recover whichever member

of the estimand family the researcher targets (Section [6.1)).

For each profile (z,v) € T, the one quantity estimated from data is the cell mean

1

Y Yi{T; = (2,v)}, (8)

2,0 =1

f(z,v) =

the average outcome among units assigned to profile (z,v), where Y; is unit i’s observed
outcome and 1{-} is the indicator function, equal to 1 when the condition in braces holds
and 0 otherwise. Every estimand in Section {4 is a difference between two race-specific
weighted averages of these cell means, so one plug-in estimator covers the entire estimand

family. Writing gy and g; for the weighting distributions the target estimand places on the
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profiles with z =1 and z = 0, the plug-in estimator is

0:=3 g1(v) i(1,0) = 3 go(v) (0, v). (9)

vey vey

The AEE takes the common marginal, go = g; = p; the AEWR takes the race-specific
conditionals, g, = ¢.; and a mixed contrast takes a weight that is common on the held-fixed
features and race-specific on the free ones (Section [S1.5). These weights carry no hat: The
researcher fixes them in advance, so @ targets the chosen member of the estimand family,
and changing the weights changes the estimand, not the estimator’s ability to recover the
estimand.

Under Assumption , 6 is unbiased and consistent for its estimand, whatever the weights
go and g;. A single construction yields valid confidence intervals for every member of
the estimand family (Section . Unbiasedness holds under any design that assigns at
least one unit to every profile cell: The estimator reweights the cell means to the target
distribution whatever the cell counts n, ,, so the weights define the estimand and the counts
do not.

The variance of § grows as the weights ¢,(v) depart from the assigned shares n, ,,/N, so a
researcher who controls the design can increase precision by assigning profiles in proportion
to the target weights — the strategy de la Cuesta et al. (2022)) develop for the AMCE,
which in the estimand family of Section [4] means assigning by the common p for an all-
else-equal target and by the race-specific ¢, for a within-race target. Neither weighting
is inherently more precise. As in Section [6.1] the order runs from estimand to design: A
researcher who specifies the member of the estimand family to target can then choose the

assignment that recovers the member precisely.

7.2 Perception-Based Regime

In the perception-based regime the target is the NREC, and the researcher assigns only

the cue.
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Assumption 4 (Complete random assignment of cues). Given cue counts n,,, one positive
integer per value w € {0,1}, the cue assignment W = (Wy,...,Wy) takes each value in
the resulting set Qy, with probability 1/|Qw |, so Pr(W; = w) = n,,/N.

Randomizing the cue does not randomize the racial contrast, which is a potential outcome
of the cue. Recovery therefore needs, beyond randomization, the conditions of Section [6.2}
no defiers and at least one complier (Section , and Assumption ; nothing stronger is
required.

Under Assumption , unit ’s cue is now the random variable W;, and Z; = z;(W;)
is the perceived race that W; induces (Section [3.3). Two difference-in-means estimators
compare the outcome and perceived race across the two cue values — the reduced-form

estimator Ay and the first-stage estimator A 7

R 1 X 1

Ay = — Y Vi l{W; =1} — — S Vi1{W; = 0}, (10)
ni i3 Mo =1

PO . 1 &

Bzi= =3 ZiU{Wi=1} - — > Z1{W; = 0}. (1
ni i3 Mo =1

When perceived race is measured on the same respondents who supply the outcome,
NREC = Ay / Ay estimates the NREC: By Proposition , the ratio is the instrumental-
variables estimator (Section , with the cue as the instrument and perceived race as the
treatment taken up. Absent a first stage, as in most cue-based audits, only Ay is available,
and Ay unbiasedly estimates the lower bound in magnitude of the NREC (Corollary
of the Supplementary Material). A confidence interval for the ratio can be derived from a
delta-method approximation that, like the usual instrumental-variables variance, degrades
when the cue moves perceived race only weakly; Section [SI1.9] gives the justification and

alternatives for weak instruments.
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8 Application: Race and Language in Candidate Eval-

uation

Would Hispanic voters evaluate a Hispanic candidate more favorably than an Anglo can-
didate? Coethnic preference is the expectation of the literature on linked fate — the belief
that one’s own life chances are tied to those of the group — and group consciousness (Daw-
son, 1994; G. R. Sanchez, 2008, G. R. Sanchez and Masuoka, 2010). I take the question
to the candidate-evaluation experiment of Zarate et al. (2024), read under both regimes of
Section [3] Across both regimes, which conclusion is right comes down to which effect of
race the study targets, not to which estimand the data better recover.

In a 2 x 3 between-subjects experiment, Zarate et al. (2024)) vary a candidate’s race,
Anglo (z = 0) or Hispanic (z = 1), and the language of a recorded campaign speech. The
candidate, a hypothetical state representative seeking reelection, is named either Josh Mar-
tin or Josué Martinez, and the written vignette that introduces the recording gives the full
name and states the candidate’s race outright: “Representative [Martin/Martinez], who is
[White/Latino|” (Zéarate et al., 2024, p. 368). Language is the sole nonracial feature, so
V = {English, Non-Native Spanish, Native Spanish}: The speech is in English throughout
or includes two sentences in Spanish, spoken with an American-English or a native accent,
and both racial conditions use the same recordings, made by a single voice actor. Each
respondent in a national sample of Hispanic adults listens to one randomly assigned record-
ing and rates the candidate on an index combining vote intention, trust, liking, and feeling
represented.

The design can be read under both regimes. The exposure reading takes the stated race
as assigned, and the perception reading — since a respondent may perceive a race other
than the one stated — takes the name and label together as a single cue. Zarate et al.
(2024)) also measure the race each respondent perceives — a measurement many cue-based
studies lack — so the perception-based regime’s target is directly estimable (Section .

Zarate et al. (2024) ask whether Spanish-language appeals raise Hispanic respondents’
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evaluations and whether respondents evaluate the Hispanic candidate more favorably than
the Anglo candidate. On the second question, the authors compare the two candidates
at one language at a time and find coethnic preference under English but no detectable
preference under either Spanish condition. Those comparisons hold language fixed; the
reanalysis asks the same question without deciding in advance whether language is held
fixed across the racial conditions (the AEE) or varies with race (the AEWR).

Whether the AEE or the AEWR answers the question of coethnic preference depends
on whether one treats language as separable from the category Hispanic — the choice of
Section [2| between the classical conception, on which a racial category consists in nominal
membership alone, and the thick constructivist conception, on which the category also
probabilistically indexes nonracial attributes. Commenting on the seminal Urban Institute
audit of Hispanic and Anglo job applicants (Cross et al., [1990), Heckman and Siegelman
(1993, pp. 217-218) exemplify the classical conception: They read the Hispanic accent as
separable from the category, to be held fixed to isolate discrimination against “Hispanics
per se.”

For the most part, the literature on Latino politics instead treats language as part of
what the category is, on both sides of the encounter — the candidate’s and the respondent’s.
On the candidate’s side, Hispanic candidates court Hispanic voters (Barreto, [2007)) in
Spanish (Abrajano, 2010)), so the two racial conditions differ in their language distributions
as part of the category’s social content. On the respondent’s side, race is perceived partly
through speech — “sounding like a race” (Rosa, 2018) — and to be read as Hispanic is in
part to be read as foreign (Chavez, 2013), among Latino perceivers as well as White ones
(Zou and Cheryan, 2017)).

Each side of the encounter matters under one regime. Under the exposure reading,
the stated race is taken as assigned, and the open choice is the weighting over language;
the weights come from the candidate’s side. Weighting each racial condition by its own
campaign distribution, the AEWR answers the constructivist question; weighting both by

a common distribution, the AEE answers the classical one (Section|8.1]). Under the percep-
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tion reading, the candidate’s race is what the respondent perceives, and the respondent’s
side determines what the cue induces. Speech shapes which race the respondent perceives,
foreignness may move alongside perceived race, and the target is the NREC (Section .

Throughout the application, the estimands average over Hispanic respondents’ hetero-
geneity in origin, generation, and language (Dowling, 2014} Masuoka and Junn, 2013; D. T.
Sanchez et al., 2012). On the candidate’s side, the campaign distributions represent how
candidates speak, not how Hispanic voters do. Narrower subsets or different reference

distributions would define other members of the estimand family (Section [4)).

8.1 The Exposure-Based Reading: All-Else-Equal versus Within-

Race over Language

The exposure reading turns on the contrast over language, held fixed (the AEE) or varying
with race (the AEWR). The AEE weights language by a common distribution p. The
AEWR instead weights language by each racial condition’s own ¢,.

I ground both distributions in how candidates campaign. Zérate et al. (2024) analyze
every Spanish-language U.S. House advertisement aired between 2010 and 2018. Among
the candidates who campaigned in Spanish — 49 Anglo and 77 Hispanic — 96 percent of
Anglos used an American accent (Non-Native Spanish) and 83 percent of Hispanics a native
one (Table . Being Hispanic rather than Anglo thus flips which accent is typical. The
campaign frequencies are the race-specific distributions ¢,; weighting them by each racial
condition’s share of the Spanish-language campaigners gives the common distribution p.

These weights enact both grounds of Section [5.4} The weights calibrate the comparison
to the population of real candidacies (external validity) and evaluate each racial condition
at the accent typical of its own campaigners (typicality). The two grounds coincide because
typicality is here defined by the target population itself, though a researcher could define
typicality against a different reference distribution. Because the same two race-conditional
distributions barely overlap, the common weighting faces the structural tradeoff of Sec-

tion b} Any one distribution either confines the comparison to the sliver of overlap or
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places weight on an accent rare under one of the two distributions (Figure .

Non-Native Native Share of
Spanish Spanish Total candidates
Within Anglo, g .96 .04 1.00 .39
Within Hispanic, ¢ A7 .83 1.00 .61
Common weight, p A48 D2 1.00

Table 1: Language weights among U.S. House candidates who aired a Spanish-language
advertisement, 2010-2018 (Zarate et al., [2024)). The common weight is the share-weighted
average p = .39qo + .61 ¢;.

The plug-in estimator of Section [7| gives an AEWR of 0.10 (95% CI [0.04,0.15]), distin-
guishable from zero, and an AEE of —0.01 (95% CI [—0.05,0.03]), not (Figure [5]). On the

same experiment, then, the choice of estimand is the difference between finding coethnic

preference and finding none.

AEWR | ! °
(race-specific weights) i
AEE | ° :
(common weights) !
-O.I05 0.60 O.(I)5 0.I10 0.I15

Effect of Hispanic (vs. Anglo) candidate on evaluation index (0—1)

Figure 5: AEWR and AEE estimates of the effect of a Hispanic (versus Anglo) candidate
on Hispanic respondents’ evaluations, restricted to the two Spanish-language conditions.
Bars are 95% confidence intervals based on consistent estimators of the variance upper
bound and a Normal approximation.

The source of the divergence between the AEWR and AEE estimates is visible in the
race-by-language cell means (Table . Within each language, the Anglo and Hispanic

mean evaluations are nearly identical. However, across languages, respondents rate Native

Spanish more positively than Non-Native Spanish, for candidates of both races.
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Candidate Non-Native Spanish Native Spanish

Anglo 0.49 0.63
Hispanic 0.49 0.62

Table 2: Mean evaluation (0-1 index) among Hispanic respondents by candidate race and
campaign language, Study 1.

The AEE averages the two near-zero within-language race contrasts and is essentially
zero: The common weight p puts 0.52 on native Spanish for Anglo candidates, far above
the 4 percent who campaign that way, crediting them with evaluations they rarely earn.
Because both within-language race contrasts are near zero, any common weighting would
leave the AEE near zero — whether the uniform default (Hainmueller et al., 2014, p. 12) or
the target population’s distribution for external validity (de la Cuesta et al., 2022)), based
here on the campaign data. The AEWR instead compares the typical Hispanic candidate
(Native Spanish, 0.62) with the typical Anglo candidate (Non-Native, 0.49), and is positive.

If the category Anglo indexes language, so that being Anglo consists partly in rarely
speaking native Spanish, then the AEE weights an atypical profile as though it were com-
mon, while the AEWR does not (Section [f]). Both estimands are recovered from the same
assignment under the same assumptions: The experiment randomizes race and language
jointly, so every race-by-language cell is filled by random assignment, and each estimand is

a different weighting of the same cell means (Section .

8.2 The Perception-Based Reading: The Natural Race Effect

among Compliers

The name and label form the cue w, and the perceived-race item measures the cue’s po-
tential outcome, perceived race z;(w), at the assigned cue value (Section [3.3). The item
directly follows the recording and precedes the evaluation items. Answering the item could
raise the salience of race for the evaluations that follow, but only salience that the item

raises more under one cue value than the other would enter the contrast. The Hispanic
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name and label might raise the salience of race more than the White ones do, a possibility
the design cannot rule out.

I estimate the NREC within each language condition. At a fixed language, respondents
hear the same recording and differ only in the name and label, so every difference in
their perceptions, racial or nonracial, is induced by the cue. Pooled across the language
conditions, perceived race would move with the assigned language as well as with the cue,
and the compliers would no longer be defined at a single language.

The instrumental-variables ratio of the evaluation on perceived race, with the cue as the
instrument, estimates the NREC @ (Section . Figure |§| reports, by language condition,
estimates of the first stage — the cue’s effect on the share perceiving the candidate as

Hispanic — and of the NREC.

First stage: NREC:

cue — perceived Hispanic (share) perceived-race effect on evaluations

English{ —— ———
: :
Non-Native Spanish v ! —— @
: :
Native Spanish 4 | —— o
: :

0.00 0.25 0.50 0.75 -0.1 0.0 0.1 0.2

Figure 6: Perception-based estimates by language condition (Study 1, Hispanic respon-
dents): the first stage (left) and the NREC (right). Bars are 95% confidence intervals; the
NREC interval uses a delta-method standard error (Pashley, 2022) with a Normal approx-
imation.

The NREC answers the question of coethnic preference in the perception reading’s
terms, and the answer depends on the language the candidate speaks. Under English, the
cue moves perceived race sharply (estimated first stage 0.86) and the estimated NREC
is positive (0.14, 95% CI [0.08,0.20]): Respondents evaluate a candidate they perceive as

Hispanic more favorably than one they perceive as White.

In both Spanish conditions — non-native and native — the estimated NREC is indis-
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tinguishable from zero, and two patterns may together account for the null results. First,
within a Spanish condition the race contrast in evaluations all but vanishes, as though
speaking Spanish mutes the role of perceived race in respondents’ judgments, consistent
with accented language operating as an intergroup cue in its own right (Hopkins, 2015)).
Second, the accent appears to reshape perceived race itself, weakening the cue’s first stage:
Under native Spanish, 35 percent of respondents perceive the Anglo candidate as Hispanic,
against 8 percent under English, while under non-native Spanish, 35 percent perceive the
Hispanic candidate as White, against 6 percent. The two patterns together suggest that
respondents perceive race partly through the speech that conveys it — “sounding like a
race” (Rosa, 2018) registering in the first stage itself — and leave a clear perceived-race
contrast only under English.

Whether that perceived-race effect is also the all-else-equal effect of race turns on the
cue moving compliers’ perceived race and nothing else, which a name bearing a race label
may fail to satisfy. Figure [7] bears on whether the name signals more than race, with the
first-name trait ratings of Elder and Hayes (2023): “Josué,” the Hispanic name Zarate et al.
(2024)) use, tracks Hispanic names as a whole, rated markedly more foreign, modestly more

working-class, and less Republican than White-coded names.
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Hispanic i —o— A
|
Foreign - E — — —A—
|
Working class - E_._*
|
Democrat - _E.'f
|
Republican - _":"_ i
0=.O OI.5 1I.O

Difference in mean rating from White-coded names (1-5 scale)

-@- All Hispanicnames —&- Josué

Figure 7: Mean first-name trait ratings from Elder and Hayes (2023) (1-5 scale), as con-
trasts against White-coded names: all Hispanic-coded names (orange) and “Josué,” the
name Zarate et al. (2024) use (blue). The ratings pool a separate respondent sample, in-
clude “Josué” but not the Anglo name, and compare across names, so the figure shows
that the name signals these traits, not how a respondent combines them. Intervals reflect
variation across names — for “Josué,” the spread of the White-coded comparison names
— rather than rater-level sampling.

That the name conveys these traits suggests the cue moves the perceptions rather than
leaving them fixed, so the NREC would bundle the movement and depart from the all-else-
equal effect. The departure presumes that the name marks foreignness directly rather than
that respondents infer foreignness from perceived race (Section [3.3)), and the two orderings
cannot be told apart, not by ratings from a separate sample and not in principle, since
the sequencing occurs inside the respondent’s head (Robins and Richardson, 2010). Nor

need the orderings be exclusive: The departure follows if any part of the foreignness moves

directly with the name.

8.3 The Two Readings Together

The reanalysis returns an answer about coethnic preference that the all-else-equal default
conceals. Hispanic respondents do reward the Hispanic candidate, but the reward attaches

to the candidate who is Hispanic in the way Hispanic candidates actually are — speaking
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native-accented Spanish when they campaign in the language — and the reward disappears
when the comparison strips the language away. The common weighting evaluates the
Anglo condition mainly at native Spanish, a profile few Spanish-campaigning Anglos fit;
the Anglo candidate who speaks native Spanish is the counterpart of the Senegalese Muslim
of the introduction, the atypical member of the category Anglo on whom an all-else-equal
comparison must lean.

The two regimes reach the same lesson by different routes. What the audit literature
might treat as a confound to hold fixed (Section , and what the cue-stability literature
might treat as a failed manipulation (Section , may be the content of the category
itself (Hu and Kohler-Hausmann, 2025). The reanalysis kept the category as constituted
and kept causal inference (Section : The AEWR and the NREC let language move with
the category, and both are well-defined causal estimands, with estimates and confidence

intervals from the same experiment.

9 Conclusion

This paper has argued that the literature’s defenses of the all-else-equal design bundle
an estimand commitment with a recovery condition. Unbundled, the same randomization
recovers an entire family of race estimands — each built from counterfactual effects at the
unit level, not from disparities across people — and the choice among that family’s members
is a claim about what a racial category is, not a concession on rigor. The “Muslim effect” of
the opening pages was such a choice all along: Isolating religion from origin and language
decided, before any data arrived, that the comparison would sit at the categories’ edges
rather than their centers. The application shows the choice governing the answer: On one
experiment, Hispanic voters’ coethnic preference is absent under the all-else-equal weighting
and clear under the within-race weighting, because the preference lives in the language the
category indexes. Three questions concern what the framework asks of empirical research
once the estimand is a substantive choice.

The first question is how to choose among the members of the estimand family. The
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paper lays out grounds for the choice (Section [5)) but does not adjudicate among them, and
develops the normative grounds least: The choice of contrast can be grounded in what one
takes discrimination to be and in which differences across groups are invidious rather than
benign (Hu, 2026)), a stance explicit in health-care policy research (Institute of Medicine,
2002; McGuire et al., [2006) but rare in political science. The open task is the pairing itself:
which conception of discrimination names which member of the estimand family, so that
normative theory sets the target, empirical design recovers it, and each constrains the other
rather than proceeding apart.

The second question is what to do with a choice the data cannot settle. A study might
report several members of the estimand family — as the application does, setting the AEE
beside the AEWR — so readers see how a finding of discrimination depends on the concep-
tion of the category, much as a sensitivity analysis displays dependence on an unverifiable
assumption. The study might instead commit to a single estimand and defend the concep-
tion that estimand embodies. Either path sets practical tasks: recovering the within-group
distributions ¢, that the within-race and mixed estimands require (Section , deciding
which attributes a category indexes and so belong in v (Section , measuring perceived
categories in the perception-based regime, and carrying the estimands to observational
studies, where identification assumptions replace the randomization this paper assumes.

The third question reaches beyond discrimination to political representation (Mans-
bridge, |1999; Pitkin, [1967). When a representative is said to represent a racial group, is
the group fixed by a category label or by the broader profile the label indexes? The ques-
tion becomes concrete in defining the group’s preference, for example the median opinion
against which a legislator’s votes are judged (Lax et al., [2019; Miller and Stokes, 1963;
Rivera-Burgos, [2025)): Is the median taken over the racial group with income and the rest
held fixed, or over the group as constituted? No design can dissolve the choice. Some in-
dividuals, for example, are both Black and middle-class, so a counterfactual shift in Black
opinion moves middle-class opinion with it; unlike race and income on a résumé, which

a study can pair freely, the two opinions cannot be paired at will. The estimand family
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gives the choice precise form, with legislators as the decision-makers, roll-call votes as the
decisions, and the constituency as the configuration, where z encodes a position of the
racial group of interest and v the analogous statistics for other groups.

This paper does not answer these questions. Its contribution is a framework for tak-
ing them up: The framework translates contested conceptions of race and other identity
categories into distinct causal estimands that empirical studies can reliably recover. Each
contested conception can then be combined with rigorous causal evidence rather than de-

bated without it.
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S1 Formal Results

S1.1 From decision-makers and decisions to units

Section |3| of the main text indexes units directly and points here for the underlying struc-
ture. There is a set of decision-makers indexed by j € {1,...,J}, and each decision-maker
J faces K; decisions indexed by & € {1,..., K}, giving N = >, K; decision-maker—
decision pairs. Under the exposure-based regime, decision-maker j in decision k encounters
a configuration t;; € T. Let t = (t11,...,t;x,) € TV stack these configurations into a
configuration assignment. In principle, the potential outcome of the pair (j, k) may depend

on the entire assignment.

Assumption S1 (SUTVA). For all decision-makers j, decisions k, and configuration as-
signments t,t' € TV, y;e(t) = y;i(t') whenever tj, =t}

Assumption [ST|rules out interference between units and carryover across a decision-maker’s

own decisions, encompassing the “stability and no carryover effects” assumption of Hain-
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mueller et al. (2014, p. 8). This assumption licenses reindexing the pairs (j, k) as units
i € {1,..., N} whose potential outcomes depend only on their own configurations, defining
the function y; : 7 — R used throughout the main text.

Under the perception-based regime, only the cue is assigned. Let w = (w11, ..., wk,)
€ {0, 1} stack the cues into a cue assignment. The analogue of Assumption [S1|applies to
the response, the racial perception, and the nonracial perceptions at once.

Assumption S2 (SUTVA for the cue). For all decision-makers j, decisions k, and cue

assignments w,w' € {0, 1}V,

yir(w) = yip(w'),  zip(w) = zip(w'), and  vj(w) = vir(w)
whenever wjj, = wj,.

Reindexing as before yields the unit-level potential outcomes z;(w), v;(w), and y;(w) of

Section B.3]

S1.2 The gap between two estimands

A single identity, stated as in Proposition below, gives the gap between any two
members of the estimand family. The identity is purely algebraic: Assumption [SI|makes the
estimands well defined, but the identity itself invokes no assumption beyond the estimands’

definitions.

Proposition S1 (Gap between two members of the estimand family). Write

9 gOagl = 722 yz 1 ’U gl ) yi(oav) go(’U)]

i=1vey

for the member of the estimand family that weights nonracial profiles by gy under racial con-
dition z = 0 and by g1 under racial condition z =1 — the estimand targeted by the plug-in
estimator of the estimand family, (9) of the main text — and §(z,v) == (1/N) LN, yi(z, v).

For any two members of the estimand family,

(g0, 91) — (g0, 91) = >_ {5(1,v) [g1(v) — g1 (v)] — (0, v) [go(v) — go(v)]} - (S1)

vey

o4



Proof. The proof subtracts the two estimands term by term and then exchanges the order
of the two finite sums, so that each difference of weights multiplies an average potential
outcome.

Applying the definition of 8 to each pair of weights,

]1[ [yi(1,v) g1(v) — y:(0,v) go(v)]

veY

Z yz 1 ’U gl yi(ovv) g(,)(’v)]

i=1vey

{y:(1,v) [91(v) — g1 (v)] = 9:(0,v) [go(v) — g5(v)]}

™M=

9(90,91) - 9(9679/1)

Il
i

%

™=

:M Z\H
m

~

2]~

where the second equality combines the two sums term by term and, within each (i,v)
term, factors y;(1,v) and y;(0,v) out of their respective differences of weights. Both index
sets are finite, so the sums over ¢ and v may be exchanged, and the average (1/N)X

distributes over the potential outcomes because the differences of weights do not depend

on :
B 0) = 05 1) = 3 { 201, (o) - o)
- |3 0.0 (o) - o >]}
Substituting §(z,v) = (1/N) Y ; yi(z,v) then yields the identity (SI). O

The difference between the AEWR and the AEE is the instance of the identity with
(90, 91) = (q0,q1) and (g5, 97) = (p, p). A mixed contrast enters the identity through
the mixed weights g,(v) = p(Vax) ¢ (Vtee | Vax), stated as in Section[S1.5| Substituting
the mixed weights on one side of gives the gap between a mixed effect and the AEE
or the AEWR, and substituting the mixed weights of two different partitions on the two
sides gives the gap between two mixed effects.

Two members of the estimand family coincide when the right-hand side of the identity

(S1) vanishes. The right-hand side vanishes when the weights agree, g, = ¢. for z € {0, 1},
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and also when y(z,v) does not depend on v. Writing y(z) for the common value and

factoring the common value out of the sum,

> 9(2,0) [g:(v) — go(v)] = (=) | 3 g:(v) = 3 gi(v)| =y(2) (1 —1) =0,

vey vey vey

because g, and ¢, are probability distributions on V' and therefore each normalizes to one:
Yvey 9:(V) = Xpev gi(v) = 1.

The AEWR-versus-AEE pairing gives the cleanest reading of the gap as a failure of two
operations to commute, differencing across racial conditions and averaging over nonracial
profiles: The AEE differences at each shared profile and then averages over p, whereas
the AEWR averages each racial condition over its own conditional ¢, and then differences
the two race-specific averages. The two estimands agree exactly when the two operations

commute.

S1.3 The double duty of a profile-blind assignment

Section of the main text states Proposition [1| and points here for the proof of part
(i); part (i) is the unbiasedness of the plug-in estimator for the targeted member of the
estimand family, proved in Section [S1.§|

Proof of part (ii) of Proposition . The weighting read off the assignment is g,(v) =
Pr(V =wv | Z = z) for each racial condition z € {0, 1}, and profile-blindness (Definition
is the condition that Pr(Z = z |V = v) does not vary with v. The weightings are well
defined because of the proposition’s hypothesis that p(z,v) > 0 on every profile with
positive weight under the target. The target’s weights are probability distributions, so
each racial condition contains at least one profile with positive weight, and therefore
Pr(Z = z) = ¥,p(z,v) > 0 for each racial condition z. Conditioning on V' = v is
understood at profiles with Pr(V = v) > 0, and at profiles with Pr(V = v) = 0 both
weightings place zero weight, g;(v) = go(v) = 0.

Part (i) asserts an equivalence, and the proof establishes the equivalence one implica-
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tion at a time. The first implication is that profile-blindness forces the weightings read off
the two racial conditions to coincide; the second is that coinciding weightings force profile-
blindness. Both implications rest on two elementary facts. The first fact is that a joint

probability factors through either of its conditionals,
Pr(A,B) = Pr(A| B)Pr(B) = Pr(B| A)Pr(A),

which is the definition of conditional probability rearranged; the proof below refers to the
factorization as the multiplication rule. The second fact is the law of total probability. Each
implication also establishes, along the way, the same intermediate fact — derived within
each argument, not presupposed — that a weighting common to the two racial conditions
can only be the marginal profile distribution Pr(V = v).

Suppose first that the assignment is profile-blind, so that Pr(Z = z | V = v) equals
a constant ¢, at every profile with Pr(V = v) > 0. By the law of total probability, the

constant equals the marginal probability of the racial condition,
Pr(Z=2)=) Pr(Z=2|V =v)Pr(V=v)=c)> Pr(V =v) =c.

Then, at every profile with Pr(V = v) > 0, writing the joint probability by the multipli-

cation rule in each of its two orders,

gz(v):Pr(Z:z,V):v) :Pr(Z:z]V:v)Pr(V:U)

Pr(Z ==z Pr(Z = 2)
=G Pr((‘; =) v —w),

where the constant c, cancels between the numerator and the denominator. The right-hand
side does not depend on z, so g;(v) = go(v) = Pr(V = v) at every profile. The weightings
read off the two racial conditions therefore coincide, and the common weighting equals the
marginal profile distribution, which is the intermediate fact.

Suppose conversely that the weighting read off the assignment is common across the two
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racial conditions, g; = gy =: p. The law of total probability over the two racial conditions

shows that the common weighting p is the marginal profile distribution,

Pr(V=v)= > Pr(V=v|Z=2)Pr(Z=2z2) =p) > Pr(Z=z)=p),
z€{0,1} z€{0,1}
where the middle equality factors p(v) out of the sum because the common weighting does
not depend on the racial condition z. Then, at every profile with Pr(V = v) > 0, again

writing the joint probability by the multiplication rule in each of its two orders,

PT(ZZZ|V:U):PY(Z:Z’VZU) :gz(v)Pr(Z:Z)

Pr(V =v) Pr(V =v)
_pv)Pr(Z =z2) (7 — »

where the common weight p(v) cancels between the numerator and the denominator. The

right-hand side does not vary with v, so the assignment is profile-blind. O

For a researcher who reads the estimand’s weights off the assignment, as part (i) supposes,
the intermediate fact of the proof has a design consequence. Each weighting g,(v) =
Pr(V =wv|Z = 2) is the distribution of nonracial profiles within racial condition z, and the
marginal profile distribution mixes the two weightings in proportion to the probabilities of

the racial conditions,

Pr(V =wv) = go(v) Pr(Z =0) + g1(v) Pr(Z =1),

by the law of total probability, because each configuration falls under exactly one of the

two racial conditions. When g; = gg = p, the mixture of the two equal weightings is

p(v) [Pr(Z = 0) + Pr(Z = 1)] = p(v).

so the common weighting coincides with the marginal profile distribution — the distribution

written as p in Figure |3| of the main text. For the researcher who reads the estimand’s
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weights off the assignment, selecting the common weighting p and selecting the assignment’s

marginal distribution over nonracial profiles are therefore one choice, not two.

S1.4 Identification of the NREC in the perception-based regime

Section of the main text states Proposition [2] and Proposition [3] and points here for
the proofs and for the two standard conditions on how the cue would move each unit’s
perceived race, that is, on the potential outcomes 2;(0) and z;(1) of the cue.

The first condition rules out defiers, the units that would invert the cue. With Black
and White as the two racial conditions of the running example, a defier would perceive the

Black cue as White and the White cue as Black.

Assumption S3 (No defiers). For all unitsi € {1,..., N}, (2,(0),2(1)) # (1,0).

To illustrate what Assumption [S3|permits and what the assumption rules out, consider the
name-based racial cue of the running example, with DeShawn coded to read as Black and
Connor as White (Section of the main text). A decision-maker might read “Connor”
as Black rather than White, but would then plausibly read “DeShawn” as Black as well;
a decision-maker who read “DeShawn” as White would likewise plausibly read “Connor”
as White. Either decision-maker would fail to register the cue’s intended racial contrast, a
failure that Assumption [S3| permits; the assumption rules out only the decision-maker who
would invert the contrast. Once defiers are ruled out, the denominator of of the main
text — the cue’s average effect on perceived race — equals the share of compliers, with no
defiers to offset them.

The second condition is a positive complier share. The cue must move at least one
unit’s perceived race in the direction the cue intends — in the running example, toward
White under the White cue and toward Black under the Black cue — and movement alone

does not suffice, because a defier’s perceived race also moves, in the opposite direction.

Assumption S4 (Existence of compliers). At least one of the i € {1,..., N} units has
2(0) =0 and z;(1) =1, i.e., C #£ 0.
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Without such a complier the complier share is zero; the denominator of then vanishes
and the NREC, an average over C, is undefined.

Under Assumption and Assumption [S4], together with the hypotheses that Propo-
sition [2] states in the main text — the cue-level SUTVA (Assumption , perception

sufficiency, and Assumption [2] — the proposition follows.

Proof of Proposition[4 The proof shows that non-compliers contribute zero to both the
numerator and the denominator of the ratio in , so that the numerator and the de-
nominator each reduce to a sum over compliers, and the ratio of those two sums is the
NREC.

By Assumption[S3] each unit belongs to one of three types: a complier (z;(0) = 0, z;(1) =
1), an always-taker (z;(0) = z;(1) = 1), or a never-taker (z;(0) = z;(1) = 0). For non-
compliers, z;(0) = z;(1), and by Assumption [2 v;(0) = v;(1) as well, so y; (z;(1),v;(1)) —
¥; (2:(0),v;(0)) = 0 and z(1) — 2(0) = 0 for every non-complier. The numerator and

denominator of @ therefore reduce to sums over compliers:

]1, 2 [yi (2:(1), vi(1)) — wi (2:(0), v:(0))] = ;Z [lys (1,05(1)) — ; (0,0:(0))]

i=1 ieC

1y L
S La(l) - (0] = -

i=1

By Assumption IC| > 1, so the denominator |C|/N is positive and the ratio is well

defined. Taking the ratio of the two sums over compliers,

¥ Siec [vi (1, vi(1)) —wi (0,0:(0))] 1

- [yi (1,'1)1-(1» —Yi (07UZ<O))] )
CI/y %
and applying the definition of the NREC in @ of the main text yields the result. [

The numerator of @ — the cue’s average effect on the outcome over all N units —
is a lower bound in magnitude on the NREC. In practice, many cue-based studies cannot
compute the ratio: The denominator — the cue’s average effect on perceived race —

requires perceived race to be measured on the decision-makers who supply the outcome,
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and most studies measure perceived race, if at all, in a separate sample (Elder and Hayes,
2023; Gaddis, [2017; Landgrave and Weller,|2022). Such studies can estimate the numerator

alone, and the numerator alone is still informative.

Corollary S1 (The reduced-form effect bounds the NREC). Under the conditions of
Proposition[d, the numerator of equals (|C|/N) NREC, where the complier share |C|/N
lies in (0, 1].

Corollary follows from a single equation. Writing Ay for the numerator of the ratio
in (7)), the equation is Ay = (|C|/N)NREC. In words, the numerator Ay averages the
cue’s effects on the outcome over all N units, and every non-complier contributes zero to
that average, so the average dilutes the compliers’ average effect by the factor |C|/N, the
complier share.

The proof below derives the equation Ay = (|C|/N) NREC and records three of the
equation’s consequences. First, because the complier share is at most one, the dilution of
the compliers’ average effect cannot enlarge that effect, so |Ay| < [NREC|. Second, the
two magnitudes |Ay| and |[NREC| are equal exactly when the dilution changes nothing,
either because every unit is a complier (|C| = N) or because there is no effect to dilute
(NREC = 0). Third, because the complier share is positive, dividing Ay by the complier
share undoes the dilution and recovers the NREC, NREC = (N/|C|) Ay, with the factor
N/|C| confined to the finite set {N/k:k=1,...,N}.

Proof of Corollary[S1. The proof shows that the denominator of the ratio in equals the
complier share and combines that value with Proposition [2| to obtain Ay = (|C|/N) NREC;
the three consequences then follow from 0 < |C|/N < 1.

Write Ay = L3N [y (z:(1),v;(1)) — y; (2:(0),v;(0))] for the numerator of and
Ay =+ YN, [2(1) — z/(0)] for its denominator. As established in the proof of Proposi-
tion , each unit is a complier, always-taker, or never-taker (Assumption , contribut-
ing z;(1) — 2;(0) equal to 1, 0, and 0 respectively, so Ay = |C|/N. Proposition [2] gives
Ay /A7 = NREC, hence Ay = Ay NREC = (|C|/N) NREC.

By Assumption [S4} |C| > 1, and |C| < N since C C {1,..., N'}; therefore |C|/N € (0, 1].
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Taking absolute values of both sides of Ay = (|C|/N) NREC,
Av] = 9 INREC| < |NREC]

because |C|/N < 1. The inequality holds with equality exactly when |C|/N = 1 — equiva-
lently, |C| = N — or when NREC = 0. Finally, because |C|/N > 0, dividing both sides of
Ay = (|C|/N)NREC by the complier share recovers the NREC from the numerator alone,
NREC = (N/|C|) Ay; as |C| ranges over the integers {1,..., N}, the factor N/|C| ranges
over {N/k:k=1,...,N}. O

An estimator that uses the numerator alone therefore shares the NREC’s sign but
understates the NREC’s magnitude: The estimator is conservative, guaranteed never to
overstate. Kaufman et al. (2026]) suggest that the understatement may be substantial, and
a researcher could treat the unknown complier share as a sensitivity parameter, reassessing
the implied NREC across the share’s possible values, analogous to the sensitivity analyses
in Leavitt and Rivera-Burgos (2024, |2026)).

Finally, Proposition [3| of the main text decomposes cue stability into two conjuncts and

assigns a role to each conjunct of the decomposition.

Proof of Proposition[3. The proof proceeds in three parts: The partition of units into com-
pliers and non-compliers splits cue stability into the two conjuncts; conjunct (i) is then
shown to be necessary and sufficient for the ratio to equal the NREC; and, given conjunct
(i), conjunct (ii) is shown to be necessary and sufficient for the NREC to equal the AEE
among compliers. Each sufficiency claim holds for all potential outcomes, and each neces-
sity claim is established by constructing potential outcomes under which the conjunct fails
and the corresponding equality fails with it.

By Assumption , the units partition into compliers (z;(0) = 0, 2;(1) = 1) and non-
compliers (z;(0) = z;(1)). Cue stability requires v;(0) = v;(1) for every unit, so cue stability
holds if and only if the equality v;(0) = v;(1) holds on each cell of the partition: on non-

compliers, which is Assumption [2| of the main text, conjunct (i), and on compliers, which
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is conjunct (ii).

Sufficiency of conjunct (i) for the ratio in to equal the NREC is Proposition 2]
Proposition [2] concludes that the ratio equals the NREC for all potential outcomes sat-
isfying the proposition’s assumptions, so, to show that conjunct (i) is necessary for that
conclusion, it suffices to construct one set of potential outcomes that satisfies every assump-
tion except conjunct (i) and under which the ratio differs from the NREC. The argument
below constructs such a set of potential outcomes.

Suppose that conjunct (i) fails for some non-complier j, so that v;(0) # v;(1). Consider
potential outcomes with y; (2,(0),v;(1)) — y; (2;(0),v;(0)) = k # 0, with every complier’s
contrast equal to zero, and with the corresponding term y; (z;(0), v;(1)) — v; (2:(0), v;(0))
equal to zero for every non-complier ¢ # j. The denominator of still equals |C|/N > 0,
while the numerator equals k/N # 0 because unit j’s term is the only nonzero term, so the
ratio equals k/|C| # 0 = NREC.

The third part of the proof takes conjunct (i) as given and shows that conjunct (ii) is nec-
essary and sufficient for the NREC to equal the AEE among compliers. Given conjunct (i),
the ratio in equals the NREC by the sufficiency just established, so recovery is settled,
and the remaining question is whether the NREC equals the AEE among compliers — the
average over C of the all-else-equal contrast evaluated, for each complier, at the nonracial
perception the complier would hold under cue value 0, ﬁ Sice lyi (1,0;(0)) — y; (0, v;(0))].

Subtracting the AEE among compliers from the NREC in @ term by term,

o7 32 o (1:950) = 06 0,0:0)]) = 152 s (1:0:00) = 0,950
— |Cl| ; {lys (1,v;(1)) — i (0, v;(0))] — [y (1,2;(0)) — w; (0, v;(0))]}
= 2 S 1. v0) ~ 3 1 w0

where the first equality combines the two sums term by term and the second cancels the

terms y; (0, v;(0)) within each summand. The difference between the NREC and the AEE
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among compliers therefore equals the final sum, and both directions of the third part read
off that sum.

To establish sufficiency, suppose conjunct (ii) holds. Every term of the final sum vanishes
because v;(1) = v;(0) for each complier i € C, so the NREC equals the AEE among
compliers for all potential outcomes.

To establish necessity, suppose conjunct (ii) fails for some complier j, so that v;(1) #
v;(0); a counterexample analogous to the one for conjunct (i) then breaks the equality.
Consider potential outcomes with y; (1,v;(1))—y; (1,v,(0)) # 0 and with the corresponding
terms of all other compliers equal to zero. The final sum is then nonzero, so the NREC
differs from the AEE among compliers, and the equality cannot hold for all potential

outcomes without conjunct (ii). O

Why conjunct (ii) has no classical counterpart. The identification of the NREC
in Proposition [2| has the same structure as the identification of local average treatment
effects (Angrist et al., [1996; Gerber and Green, 2012; Imbens and Angrist, |1994)): The cue
w is the instrument, and the perceived configuration (z;(w), v;(w)) — racial and nonracial
components together — is the treatment. Yet the classical treatment of instrumental
variables demands no condition like conjunct (%), and the reason is the dimension of the
treatment. In the classical setting the treatment is a single variable, the analogue of
perceived race z;(w) alone, so compliance fully specifies a complier’s treatment at both
values of the instrument, z;(0) = 0 and z;(1) = 1, and nothing about what compliers would
receive is left to assume. Under the perception-based regime, compliance is defined by
the racial component alone, so the same specification, z;(0) = 0 and z;(1) = 1, leaves the
nonracial component v;(w) of what compliers would perceive unspecified. Conjunct (i)
supplies the specification, v;(0) = v;(1) for each complier i € C.

A condition that specifies which treatment the compliers would receive selects the es-
timand rather than recovers it. Under conjunct (7i), each complier’s induced contrast

y; (1L,v;(1)) — v; (0,v;(0)) becomes y; (1,v;(0)) — y; (0,v;(0)), a contrast that differs in per-
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ceived race alone, so the NREC collapses into the AEE among compliers. Recovery needs
no such condition, because, given conjunct (i) — v;(0) = v;(1) for every non-complier —
the ratio in (7)) equals the NREC with or without conjunct (#) (Proposition[3)). The distinc-
tion between selecting and recovering the estimand is the one that Section of the main
text draws from the decomposition of cue stability, and the classical setting could leave
the distinction implicit because a one-dimensional treatment leaves conjunct (%) nothing

to specify.

S1.5 The mixed contrast

Section 4.1l of the main text introduces the mixed contrast as one that holds some nonracial
features fixed across racial conditions and lets the rest vary by race. This subsection defines
the partition of the nonracial features into a held-fixed set and a free set. From the joint
PMF ¢(z,v) and the common weighting p of Section of the main text, the subsection then
derives the two distributions a mixed contrast needs, namely the conditional distribution of
the free features given the held-fixed features within each racial condition and the marginal
distribution of the held-fixed features.

Partition the indices of the nonracial features, {1,..., L} = Zg,UZgee With ZgxNZgee = 0.
Write v = (Vgix, Vfree), With vg, € Vg = [Lsez,, Ve collecting the features held fixed and
Vgree € Viree = [lrez,,.. Ve collecting the free features. The AEE is the case Zgee = 0 (every
feature held fixed) and the AEWR the case Zgs, = () (no feature held fixed).

When Zgy and Zy. are both nonempty, the weighting follows the partition, as Section [4.1]
of the main text describes. A distribution common to the two racial conditions weights
the held-fixed features, as the common weighting p weights all of v for the AEE, and race-
specific distributions weight the free features given the held-fixed value, as the ¢, weight all
of v for the AEWR. The construction below gives the two distributions and then assembles
the mixed effect in a single expression.

Within racial condition z at held-fixed value wvgy, the free features follow the conditional
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distribution

Q(Z, Vfix, vfree)
ngreeevﬁree q(z’ Uﬁx’ véree) ’

(52)

QZ(vfree | vﬁx) =

which the joint PMF ¢(z,v) of Section 4| of the main text induces, and which is defined at
each pair of a racial condition and a held-fixed value for which the denominator of is
positive. The held-fixed features play the role that the whole profile plays in the AEE, so
their weights must be common to the two racial conditions. The aggregation over the held-
fixed values uses the marginal distribution of the held-fixed features under the common

weighting p of Section [4] of the main text,

p(va) = D p(Viix, Vireo)- (S3)

Vfree € Viree

For unit 4, the race effect under the mixed contrast combines the two distributions in

one expression,

Z Z yz(L Vfix, vfree) q1 (vfree | Uﬁx)

ViixEViix | Viree € Viree

- Z yz(07 Vfix, vfree) q0(vfree | Uﬁx) P(’Uﬁx)-

Vfree € Viree

Read the expression from the inside out. Each inner sum averages unit ¢’s potential out-
comes over the free features within one racial condition at the held-fixed value vg, with the
weights in (S2). The difference between the two inner sums contrasts the racial conditions
at that common held-fixed value, so the contrast is all-else-equal on the held-fixed features
and within-race on the free features. The outer sum aggregates the contrasts over the
held-fixed values with the common weights in .

Averaging the race effect over the N units gives the mixed effect, and collecting the

weight that multiplies each potential outcome y;(z, Vg, Uee) shows that the mixed effect
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is the member of the estimand family with the mixed weights

9:(v) = p(Vax) ¢ (Vtree | Vsix), (S5)

which are common on the held-fixed features and race-specific on the free features given the
held-fixed value. Section substitutes the mixed weights in into the gap identity
to obtain the gap between a mixed effect and any other member of the estimand family
— the AEE, the AEWR, or a mixed effect built on a different partition of the nonracial

features.

S1.6 The structural tradeoff

Section [5 of the main text argues that, when racial classifications index different regions
of the attribute space, no common all-else-equal weighting can both restrict attention to
profiles typical of both groups and represent the typical members of each group. This
subsection makes that claim precise and proves it.

Fix ¢ € (0,1). For each race z € {0, 1}, call a set R, C V a typical region for race z if

q: (Rz) = Z QZ(U> > 1— g,

'UERZ

so that the profiles of at least a 1 — ¢ share of individuals with race z lie in R.. On the
thick constructivist conception of Section [2] of the main text, a racial category indexes a
distribution of nonracial attributes; the typical region for race z is the region of the attribute
space on which the indexed distribution ¢, concentrates. The intersection Ry N R4 is the

both-typical region.

Proposition S2 (Structural tradeoff). Fiz ¢ € (0,1) and typical regions Ry, R1 C V.
Suppose that for at least one race z € {0,1},

q- (RoﬂRl) <1—e. (86)

Then no weighting distribution p on V, common across the two racial conditions, satisfies
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both of the following constraints:
(i) supp(p) € Ro NR4, so that p places all of its weight on both-typical profiles; and
(i) g, (supp(p)) > 1 — € for each race z € {0,1}, so that the support of p retains at least

a 1 — ¢ share of each group.

Proof. The proof supposes constraint (i) and derives the negation of constraint (ii) from
the proposition’s hypothesis, the inequality .

Let z* € {0,1} be a race for which holds, and suppose a common weighting
distribution p satisfies constraint (i), so that supp(p) € Ro N Ry. For any set of profiles
A CV, the quantity ¢,«(A) = X yeca ¢+ (v) is the share of individuals with race z* whose
profiles lie in A. Each term of the sum is nonnegative, so enlarging A to any set B with
A C B C V adds terms and removes none; hence ¢,» (A) < ¢,« (B) (monotonicity with
respect to set inclusion).

Take A = supp(p) and B = RoNRy; the inclusion A C B is then exactly constraint (i).
Monotonicity with respect to set inclusion at these two sets, ¢.- (supp(p)) < ¢.- (Ro N R1),
gives the weak inequality, and the hypothesis (S6), ¢« (Ro NR1) < 1 — €, gives the strict

inequality, in the chain of inequalities

¢+ (supp(p)) < ¢+ (RoNRy) < 1—e. (S7)

In the chain , a weak inequality is followed by a strict inequality, and the
two inequalities compose by transitivity into the strict inequality between the ends,
¢+ (supp(p)) < 1 —e. The strict inequality between the ends states, in words, that the
support of p retains less than a 1 —¢ share of the individuals with race z*, and the statement
is the negation of constraint (ii) at z = 2z*. Hence no common weighting distribution p

satisfies constraints (i) and (ii) together. O

Proposition [S2] admits two logically equivalent statements — the proposition as stated
and the proposition’s contrapositive — and each statement shows what imposing one of

the two constraints forces the researcher to give up. As stated, the proposition says that
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if the common weighting p places all of its weight on both-typical profiles, as constraint
(i) requires, then the support of p retains less than a 1 — e share of at least one group,
so constraint (ii) fails. In the contrapositive, the proposition says that if the common
weighting p retains at least a 1 — € share of each group, as constraint (ii) requires, then p
must place positive weight on profiles outside the typical region for at least one race, so
constraint (i) fails.

Worked example. A stylized version of the running example shows, in numbers, what
each constraint of Proposition [S2| forces the researcher to give up. The example follows the
shape that Figure [2| of the main text depicts: two distributions of neighborhoods and prior
records that overlap only slightly (Section [5| of the main text). Code the two nonracial
features of the running example as binary — v; = 1 for a disadvantaged neighborhood
and vy = 1 for an extensive prior record — so that the profiles v = (vy,v9) take four
possible values. Suppose that, among arrestees, Black, relative to White, indexes a greater
likelihood of arrest in a disadvantaged neighborhood and a greater likelihood of an extensive
prior record. The distribution ¢; of profiles among Black arrestees then places its largest
share on the profile with both features, smaller shares on the two profiles with one feature,

and its smallest share on the profile with neither:

¢1(1,1) = .60, ¢1(1,0)=.20, ¢(0,1)=.15, ¢1(0,0)=".05.

The distribution ¢y of profiles among White arrestees concentrates on the profile with
neither feature and places the same shares as ¢; on the single-feature profiles: ¢o(0,0) = .60,
q(1,0) = .20, ¢o(0,1) = .15, and ¢o(1,1) = .05. For both groups, the profile with an
extensive prior record but no disadvantaged neighborhood is the rarer of the two single-
feature profiles, ¢.(0,1) = .15 < .20 = ¢.(1,0), because an extensive prior record arises
partly from the greater policing of disadvantaged neighborhoods.

Fix ¢ = .10, so that a typical region must hold at least a .90 share of its group. The

set R; = {(1,1),(1,0),(0,1)} is a typical region for race 1, with ¢;(R;) = .95 > .90, and
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the set Ro = {(0,0),(0,1),(1,0)} is a typical region for race 0, with ¢o(Ro) = .95. The
both-typical region is the pair of single-feature profiles, Rg N Ry = {(1,0),(0,1)}. The
both-typical region holds only a .35 share of each group, ¢, (Ro NR1) = .35 < .90, so the
hypothesis holds for both races.

A common weighting p that satisfies constraint (i) places all of its weight on the two
single-feature profiles, so the support of p retains at most a .35 share of each group —
far below the .90 share that constraint (ii) demands. A common weighting that satisfies
constraint (ii) must retain at least a .90 share of group 1, and the support of any such
weighting includes the profile (1,1), because the three profiles other than (1,1) together
hold only a .40 share of group 1. The profile (1,1) carries a .05 share of group 0, so the
weighting places weight on a profile rare under group 0’s distribution. The same argument
with the groups exchanged forces weight on (0, 0), a profile rare under group 1’s distribution.

Whenever the hypothesis holds, so that the both-typical region contains less than
a 1 — ¢ share of at least one group, constraints (i) and (ii) of Proposition [S2| cannot hold
together, and the researcher must give up either the restriction to both-typical profiles or

the representation of each group’s typical members.

S1.7 Distribution specifications

Section of the main text motivates specifications of ¢, and p; this subsection develops
the specifications in full. The three parts below take up the restriction of the support to
exclude implausible profiles, the information that calibrating the weighting distributions to
a reference population requires, and the translation of graded typicality into a distribution

that concentrates around each group’s prototype.

S1.7.1 Restricting the support

Restrictions on implausible attribute combinations operate directly on the joint PMF
q(2, Vix, Upree) Of Section [f of the main text, defined on the space T of configurations.

Hainmueller et al. (2014, pp. 13-16) build randomization restrictions for implausible com-
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binations into the canonical conjoint framework and note that causal effects are then defined
only over the combinations the design retains (p. 20).

The researcher judges some configurations in 7 implausible and retains the rest in
the comparison. Let 7* C T denote the set of retained configurations. Excluding the
implausible configurations from the comparison is a choice about the estimand’s weighting,
not a claim that the excluded configurations cannot occur: The new joint PMF ¢* places
zero weight on every configuration outside 7* and rescales the weights that ¢ places on the

configurations in 7 so that the rescaled weights sum to one. Formally, define

Q(Z7 Vfix, vfree>]]-{(z7 Vfix, Ufree) € T*}

1 ayl /
Z(z’,vi’ix,véree)ET* Q(Z » Ufixs vfree)

, (S8)

q*<Z, Vfix, vfree) =

whenever the denominator is positive.

For a configuration retained in 7, the indicator in the numerator of equals one, so
q* returns the weight ¢(z, vy, Uee) divided by the total weight that ¢ places on T*. For a
configuration outside 7™, the indicator equals zero, so ¢* returns zero. The values of ¢* are
therefore nonnegative and sum to one over 7%, so ¢* is a PMF on 7, proportional to ¢ on
the configurations retained in 7*. All subsequent quantities — including the conditional
distribution ¢, (Vgee | Vax) in and the marginal distribution p(wvgy) in (S3)) — are then
computed from ¢* rather than from gq.

Replacing ¢ with ¢* leaves the formal structure of the mixed effect in unchanged.
The replacement can nonetheless leave parts of the mixed effect with nothing to average
or to compare, because each inner average in draws its terms from the configurations
retained in 7* alone. To state when each part of the mixed effect exists, collect, for racial
condition z at held-fixed value vgy, the free-feature values that the restriction to 7 leaves

available,

Vftee(z7 vﬁX) = {vfl"ee € Vfree : (27 Vfix, vfree) € 7-*} . (89>

Two requirements for the existence of the mixed effect follow. First, under ¢*, the inner
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average over the free features within racial condition z at held-fixed value vg, becomes

Z yz(Z, Vfix, Ufree) q:(vfree | vﬁx)a

*

Vfree Evfrcc (Z,Uﬁx)

because ¢F(Vgee | Vix) 18 positive only at the free-feature values in Vi (2, vgc). The inner
average therefore exists only when Vi (z,vsc) # 0. Second, the contrast at held-fixed
value vg, subtracts the inner average for racial condition 0 from the inner average for racial
condition 1. The contrast therefore exists only when both sets of free-feature values are
nonempty, Vi (0, vax) # 0 and Vi (1, vax) # 0.

If V.. (2, vax) is empty for exactly one of the two racial conditions — as when a combi-
nation of features is judged plausible for one group alone — the contrast at that held-fixed
value is undefined. The outer summation in weights each held-fixed value by the re-
stricted marginal distribution p*(wvgy), which places positive weight only on the held-fixed
values that appear in at least one configuration retained in 7*. The mixed effect under ¢*
therefore exists when the second requirement holds at every held-fixed value on which p*
places positive weight.

The existence condition is membership in the estimand family, whose weights are prob-
ability distributions (Section [4] of the main text). For each racial condition z, the mixed

weights under the restriction to 7* sum to

Z p*(’UﬁX) Z qz('vfree | Uﬁx)~

Viix € Viix Viree € Viree

The inner sum equals one at each held-fixed value where the conditional distribution
¢ (Vgree | Vi) €xists, so the mixed weights are well defined and sum to one exactly when the

conditional distribution exists at every held-fixed value on which p* places positive weight.

S1.7.2 Calibration to a reference population

The construction of the mixed contrast in Section [S1.5 partitions the nonracial features into

a held-fixed set and a free set. Under the partition, calibrating the joint PMF ¢(z, vgix, Utree)
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to match a reference population requires more information than the analogous calibration
in de la Cuesta et al. (2022). The reason lies in which pieces of the joint PMF the mixed
effect uses. Written with the mixed weights of , the race effect under the mixed contrast

for unit ¢ in (S4)) is

Z [yi(la ’U) p(vﬁX> q1 (vfree | vﬁX) - yi(ov ’U) p(vﬁX) qo('vfree I vﬁX)] )

so the mixed effect uses the joint PMF only through the marginal distribution p(vgy) of
the held-fixed features and the conditional distributions q,(vgee | vx) of the free features
within each racial condition. Calibrating the mixed effect means supplying the marginal
distribution and the conditional distributions from data on the reference population.

The lighter requirement in de la Cuesta et al. (2022 p. 21) — each attribute’s marginal
distribution alone — rests on the assumption that the attributes have no three-way or
higher-order interactions, and supplying partial joint distributions relaxes the assumption
(de la Cuesta et al., 2022, pp. 21, 31). The assumption restricts the outcomes, and under
that restriction the estimand of de la Cuesta et al. (2022) needs no more from the profile
distribution than the marginal distributions provide. No restriction on the outcomes does
the same for the mixed effect, because the weights of the mixed effect are themselves
built from the joint PMF. A researcher could instead restrict the reference population —
supposing, for example, that the attributes are independent within each racial condition
— and calibrate from marginal distributions alone. The supposition would then fix the
weights, and with the weights the estimand, by assumption rather than by data.

A reference population is often summarized by single-attribute margins — for each at-
tribute separately, the share of the population at each value of that attribute, with no record
of how the attributes combine. Many joint distributions share the same single-attribute
margins while disagreeing about the dependence across attributes. Both distributions that
the calibration needs are properties of the dependence: The marginal distribution p(vgy)

assigns probability to whole bundles of held-fixed values, and the conditional distribution
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7> (Vgree | Vsix ) Tecords how the free features vary with the racial condition and the held-fixed
value.

Worked example. The example exhibits two populations that share every single-
attribute margin yet differ in the conditional distribution the calibration needs. Take
the two nonracial features of the running example of the main text — the location of
the arrest and the extent of the prior record — coded as binary: v; = 1 for an arrest in
a disadvantaged neighborhood and v; = 0 otherwise, and v = 1 for an extensive prior
record and vy = 0 otherwise. Consider a stylized reference population of 100 arrestees
that splits evenly on each feature, Pr(v; = 1) = Pr(ve = 1) = 1/2, and two ways the
features can combine within the stylized population (Table . In the left population of
the table, the two features are independent, and each of the four combinations of (vy,vs)
holds 25 arrestees. In the right population, the two features coincide, with the matching
combinations (1,1) and (0,0) holding 50 arrestees each and the combinations (1,0) and
(0,1) holding none. The conditional distribution of prior record given neighborhood is
even in the left population, Pr(ve = 1| v;) = 1/2, and degenerate in the right population,
Pr(vy = vy | v1) = 1. The shading in Table [S1| marks what the two populations share: The
shaded row and column totals — the single-attribute margins — are identical, while the

unshaded interior cells differ.

Independent features Coinciding features
Vg Vg

U1 1 0 Total U1 1 0 Total

1 25 25 50 1 50 0 50

0 25 25 50 0 0 50 50

Total 50 50 100 Total 50 50 100

Table S1: Two stylized populations of 100 arrestees, one per table. Cells count arrestees
by neighborhood v; (rows) and prior record v, (columns); because each population holds
100 arrestees, dividing any cell by 100 gives the corresponding population proportion. The
shaded cells — the row and column totals, which are the single-attribute margins — are
identical across the two populations; the unshaded interior cells differ.

The conditional distributions g, (vgee | Vi) are underdetermined in the same way as
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the conditional distribution of the worked example, and more severely. The conditioning
includes the racial condition z, so the calibration also needs the dependence between the
nonracial features and race. Identifying the marginal distribution p(wvgy) and the conditional
distributions ¢, (Vg | Vsx) therefore requires joint information: cross-tabulations of the free
features against the held-fixed features and race in the reference population, or individual-
level data on the members of the reference population, from which any such cross-tabulation

can be computed.

S1.7.3 Typicality

The construction sketched in Section of the main text translates graded typicality into
the conditional distribution ¢,(vgee). Three elements of the construction come from the
theory of conceptual spaces (Gérdenfors, 2000, 2014): the representation of objects as
points in a space of quality dimensions — scales on which the objects can be compared
(Gérdenfors, |2000, p. 2) — with similarity decreasing in distance (Géardenfors, 2000, p. 44);
the representation of a category by a prototype, the category’s most typical point (Gér-
denfors, 2000, pp. 87-91); and a distance that weights each dimension by the dimension’s
salience (Gérdenfors, 2000, p. 104). The exponential decay of similarity in distance follows
Nosofsky (1986)) and Shepard (1987), whom Gérdenfors (2000, p. 20) also follows. The
assembly is this paper’s: group-specific prototypes, salience weights, and concentration pa-
rameters, applied to the finite set Vg and normalized into a weighting distribution for the
estimand family, together with the conditional-prototype variant below.

The construction needs three ingredients.

e An embedding ¢ : Viee — RP — a function that represents the elements of one set as
points of a space — maps each free-feature profile to a point of a D-dimensional con-
ceptual space, with each coordinate one quality dimension. The number of dimensions
D may be smaller than the number of free features, as when several features collapse
into a single scale, or larger, as when one feature occupies several scales — neighbor-

hood disadvantage in the running example, for instance, may occupy one coordinate
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for income and one for intensity of policing.

« A racial prototype p. € R” locates the most typical bundle of free features for group

z in the conceptual space.

« Salience weights a, € [0, 1]P with Y7, a., = 1 record how diagnostic each dimension
of the conceptual space is for membership in group z. A difference along a highly
salient dimension reduces typicality more than the same difference along a less salient

dimension.

Typicality is similarity to the prototype, and similarity in a conceptual space decreases
with distance, so grading typicality requires a distance from the prototype in which differ-
ences along more salient dimensions matter more. The embedding, the prototype, and the
salience weights combine into such a distance, the weighted Euclidean distance from the

prototype,

dz(vfreeapz) = \/(¢(vfree) - pz)T diag (az) (¢(’Ufree) - pz)a (SlO)

where diag (a,) denotes the D x D diagonal matrix with the salience weights a. 1,...,a.p
on its diagonal. The distance is zero exactly when ¢(vge.) = p. and positive otherwise.
Exponentiate the negative squared distance, scaled by a concentration parameter A, > 0
that sets how fast a profile’s weight declines with distance from the prototype, and normalize
over Viee. The result is a conditional distribution that concentrates around the prototype

(Nosofsky, |1986; Shepard, 1987):

exp (_)\z dz(’vfreeq pz)2>
Zvgreeevfree eXp (_)\Z dz(vgreen pz)2>

q,z(lvfree; >\z) = (Sll)

In words, a profile’s weight under (S11|) declines exponentially in the profile’s weighted
squared distance from the prototype, so profiles near the prototype carry most of the
weight and profiles far from the prototype contribute little weight.

The two extremes of the concentration parameter show its role: At A\, = 0, every profile
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in Viyee receives equal weight; as A, — oo, the distribution collapses to a point mass on
the profile closest to the prototype p.. The two groups may differ in their concentration
parameters \g and A\; — the formal counterpart of the example in Section [5.4] of the main
text, where DeShawn may register as more atypically White than Greg does atypically
Black because typicality declines at different rates for the two groups.

Worked example. The application of Section [8.I] of the main text supplies a delib-
erately simple instance — two profiles and one dimension — in which the typicality
construction reproduces the application’s weights exactly and shows what each pa-
rameter contributes. Among the candidates who campaigned in Spanish in the con-
tent analysis of Zarate et al. (2024]), the within-race accent distributions over Vie =
{Non-Native Spanish, Native Spanish} are ¢y = (.96,.04) for Anglo and ¢; = (.17, .83) for
Hispanic candidates (Table [1| of the main text). Take a single quality dimension recording
the nativeness of the accent, D = 1, with the embedding ¢(Non-Native Spanish) = 0 and
¢(Native Spanish) = 1; with one dimension, the salience weights are trivial, a,; = 1 for
both groups, and salience plays no role until a second dimension enters. Set each group’s
prototype at the accent typical of the group’s own campaigners, py = 0 (non-native) and
p1 = 1 (native), so the distance between a profile and a prototype equals 0 or 1.

With the distances so arranged, the distribution places weight 1/(1 + e™:) on
the accent at group z’s prototype and weight e=*: /(1 4+ e~*#) on the other accent, so the
concentration parameter equals the logarithm of the group’s odds of its typical accent.
The exact odds come from the counts of the content analysis: 47 non-native and 2 native
Spanish speakers among the Anglo campaigners, and 13 non-native and 64 native among
the Hispanic campaigners. Setting A; = In(64/13) & 1.59 recovers ¢; exactly, and setting
Ao = In(47/2) ~ 3.16 recovers gy exactly. The larger Ao says that Anglo campaigners
concentrate more tightly on their typical accent than Hispanic campaigners do on theirs.
The equality between the typicality weighting and the campaign distributions is the case
that Section [8.1] of the main text describes, in which typicality is defined by the target

population itself.
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Conditional-prototype variant. The most typical bundle of free features for a group may
differ across values of the features that the mixed contrast holds fixed. For each pair of
a group z and a value vgy of the held-fixed features, a conditional prototype p. v, € RP
locates the most typical bundle of free features for group z among individuals whose held-
fixed features equal vgc. Replacing the prototype p, with the conditional prototype p. 4,
in the distance and the distribution (S11)) yields

exXp <_>\z dz (’Ufl‘667 pz,vﬁx)g)
Zvérccevﬁee exXp <_>\Z d. (/Ugreew pZ,Uﬁx)Q)

qz<vfree ‘ Vfix; >\z) = (812)

For example, if vg, contains the neighborhood of the running example and vy, contains the
prior record, the most typical prior record for group z among arrestees from a disadvantaged
neighborhood may differ from the most typical prior record for group z overall, so the

conditional prototype shifts with the neighborhood.

S1.8 Randomization-based properties of the plug-in estimator

This subsection establishes the randomization-based properties of the plug-in estimator of
the estimand family, 0 of @ of the main text, restated with its ingredients in (S16|) below.

The estimator targets the finite-population estimand

0= gi(v)u(l,v) =Y go(v) u(0,v), (S13)

vey vey

where u(z,v) = ;{Zf\il yi(z,v) denotes the mean of the potential outcomes at profile
(z,v) over all N units.

The mean 4(z,v) equals the average potential outcome y(z,v) of Proposition [S1} this
subsection writes u(z,v) so that each population mean pairs with its estimator, the cell
mean [i(z,v) of of the main text. Exchanging the finite sums over i and v shows that

0 coincides with 6(go, g1) of Proposition [S1]
The AEE (g0 = g1 = p), the AEWR (g, = ¢.), and the mixed contrasts (g, as in (S5))
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are the special cases obtained by fixing the weights gy and g1, so the results below cover
the whole estimand family.

Let n,, be fixed positive integers for all (z,v) € T satisfying > cp Mow + Dpey M0 =
N. For each (z,v) € T, refer to the set of units assigned to profile (z,v) as the cell
corresponding to profile (z,v); the integer n., fixes the size of that cell.

Define the set of configuration assignments consistent with these fixed cell sizes as

Q= ) {tETN:iV:Il{ti:(z,v)}:nw}. (S14)

(z,0)ET =1

Thus, € consists of all configuration assignments t € T such that, for every profile
(z,v) € T, exactly n,, components of t equal (2, v).

Complete random assignment (Assumption [3)) makes the random configuration assign-
ment T uniformly distributed on Q, so Pr(T = t) = 1/|Q| for all t € Q, where ||, the
number of assignments in €, equals N!/T], ,)e7 120!

To construct the plug-in estimator 5, define the observed outcome for unit ¢ as Y; =
y:(T), a random quantity through T'. For each (z,v) € T, define the mean of the observed

outcomes within the cell corresponding to profile (z,v) as

1

> YiU{Ti = (2,v)}, (S15)

Z,0 ;=1

ﬂ(z7v):::

which is a function of the random configuration assignment T'. The plug-in estimator 0 is

then

0= gi(v)(1,v) = Y g0(v)ii(0,v). (S16)

vey vey

All randomness in 6 arises from the random assignment 7', which enters through the cell

means [i(z,v).

Lemma S1 (Randomization moments). Under complete random assignment (Assump-
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tion[d), for every unit i € {1,..., N} and every profile (z,v) € T,

E [T = (zv)}] = == (817)
Var [L{(T, = (z,v))] = "ol ) (s18)
and, for any units i and j and any profiles (z,v), (2, v') € T,
Cov [1{T; = (2, 0)} 1T, = (2.0} = =54 = for i (519)
vam{zzz<avyxﬂ{1;:<zcvvﬂ::AZzﬁg”5bmrz%jcmd(zv)%(zxv><sm»
Cov [I{T} = (. v)}, UT: = (#,0)}] = =222 for (2,0) # (2,v). (s21)

Proof. The proof computes each moment by counting assignments. The counting is justi-
fied by the design: Complete random assignment places equal probability 1/|€2| on every
assignment in €2, so the probability of any event equals the number of assignments in the
event divided by |2|. Every moment in the lemma reduces to such a probability because
the expectation of a product of indicators is the probability that all of the indicated events
occur. Each count then follows from fixing the coordinates of the units that the event
names and distributing the remaining units over the remaining places in each cell.

Fix a unit i € {1,..., N} and a profile (z,v) € 7. Then

B[L{T, = (2,0)}] = Pr(T, = (2, v))
=Y 1{t; = (z,v)} Pr(T =1¢).

teQ)

Under complete random assignment (Assumption [3)), Pr(T = t) = 1/|Q| for all t € Q.

Therefore,

teQ)

To evaluate the number of assignments in € for which ¢; = (z,v), note that fixing ¢; =

(z,v) reduces the remaining counts to n,, — 1 in cell (z,v) and n, , in every other cell
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(z/,v") # (z,v). Thus,

S 14t = (2 0)} = 1)

teQ (nZ,U - 1)‘ H(z’,u’);é(z,v) nz’,v’! .

Writing the size of €2, stated in the introduction to this subsection, with the factor for cell

(z,v) separated from the product of factorials,

N!
|Q| - | |’
UZxs H(z’,v’);é(z,’u) UFRIE
which implies that
1
Pr(T; = (2,v)) = — > L{t, = (z,v)}
|Q| teQ
_ (N — 1)' nzm! H(z’,v’);é(z,'v) nz’ﬂ’/!
(nzyu - ]‘>‘ H(Zlvv/)i(zvv) nzl’v/! N‘
. Ury
=

which establishes (S17)).

Because an indicator equals its own square, the definition of variance then gives

Var [{T; = (2,v)}] = E [I{T} = (,v)}*| - E[I{T; = (z,v)}]’
=E[I{T; = (2,v)}] - E[I{T; = (z,v)}]"

-5 (%)

_ nz,v(N - nz,v)

N2 ’

which establishes (S18)).

Next, fix distinct units ¢ # j. For the same profile (z,v), the product 1{T; =
(z,v)} I{Tj = (#2,v)} equals 1 exactly when both units fall in cell (2, v), so its expectation
is the joint probability Pr (T; = (z,v),T; = (2,v)). The count parallels the derivation of
(S17): Fixing t; = t; = (z,v) reduces the remaining counts to n,, — 2 in cell (z,v) and
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Ny . in every other cell (2/,v') # (2, v), so

(N - 2)' nz,v! H(z’ 'U’);E(Z ,U) nzlﬂ]l!
Pr(T; = (z,v),T; = (z,v)) = ; ,
’ (nz,v - 2)! H(Z/ﬂ)’)?é(zﬂl) nzl,v/! N!
— (N —2)! N !
a N' (nz,'u - 2)'
_ Nao(ew —1)
NN —1)

The count assumes n,, > 2; when n,, = 1, no assignment places two distinct units in the

cell, so the joint probability equals 0, which the final expression also gives. Therefore,

Cov [{T; = (2,0)}, 1{T} = (2,0)}] = E[1{T; = (. v)} {T} = (2 v)}]

—E[T; = (z, ) E[I{T; = (z,v)}]

_ nz,v(nz,v - 1) _ ng,v
N(N — 1) N2
_ _nzzv(N — nZ,U)

N2(N —1)

which establishes (S19)).
For (z,v) # (2/,v'), still with ¢ # j, the count is analogous: Fixing ¢; = (z,v) and

t; = (2/,v’) reduces the remaining counts to n,, — 1 and n, ,» — 1 in those two cells, so

E []1{1—;, = (Z,'U)} 1{1} = (2/’/0/)}] — Pr (1-'2 — (Z,'U),I} — (Z/,’U/)) _ nz,’v nz/’vl '
N N -1
Therefore,
. — (W Ny Ny _ Nzw Nyl !
Cov [I{T; = (z,v)}, {T; = (',v")}] = s Do D B
- NN -1

which establishes ([520]).

Finally, fix a single unit ¢ and two distinct profiles (z,v) # (2/,v'). A unit receives

exactly one profile, so the two indicator events are disjoint and the product of the two
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indicators equals zero at every assignment in €2

YT, = (2 0)}L{T = (/,v)} = 0.

Therefore,
Cov [L{T; = (2,0)}, 1{T; = (¢, v)}] = 0 — ‘22
v v ) ) [ ) - N N
Nz oMy v
=TT
which establishes (S21)). O

The first proposition of this subsection establishes part (i) of Proposition |1f of the main
text — the plug-in estimator 0 is unbiased for the estimand 6 — the part whose proof

Section [S1.3] defers to this subsection.

Proposition S3 (Unbiasedness of the plug-in estimator). Under Assumption together
with Assumptionla of the main text, 8 in (S16)) is unbiased for 0 in (S13):

E[6] =0, (S22)

where the expectation E is taken with respect to the randomization distribution of the con-

figuration assignment T, which Assumption[d fizes as the uniform distribution on .

Proof. The proof writes each cell mean as a sum of fixed potential outcomes multiplied
by random assignment indicators and applies the expectation of each indicator from
Lemma [ST]

Under SUTVA (Assumption [S1)), V; = 4;(T) = v;(T;), so

1

Sy LT, = (2,v)}.

fi(z,v) =

Each summand is nonzero only when T; = (z,v), so replacing the random argument T; of
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y; with the fixed profile (z,v) leaves every summand unchanged:

1

Nzw

filz,0) = —— 3 (= )T = (2,0)). (523)

Since g;(v) and go(v) are fixed constants for each attribute profile v € V, the linearity of

expectation gives

E[6] =3 g1(v) E[a(1,0)] = 3 go(v) E[1(0, )] . (S24)

vey vey

Under complete random assignment (Assumption , the cell sizes n,, are fixed across
all t € Q, and the potential outcomes y;(z,v) are fixed features of the finite population.
Substituting (S23)) into (S24) and again applying the linearity of expectation therefore

yields

BJ0] = 3 (o) 3 0L o) B[L(T: = (1,0}

veV 1'”@ 1

—2_ 9(v) Z%Ov [I{T; = (0,v)}].

vey Ov ;=1

Then, under complete random assignment (Assumption , (S17]) of Lemma [S1|implies that

N

E{H] :Zgl('v) Zyi(l,’v (n1,/N) — Zgo Zyz (0,v) (now/N).

veV Mw = vey now =1
. 1 1 . 1 v

Since (n.»/N) = —, each inner sum reduces to — >;'; yi(2,v) = p(z,v), so

(" ' N N

E[0] =3 gi(0)u(l,0) = > go(v)u(0, v
veV vey

which equals € in (S13)), thereby completing the proof. ]

The second proposition of this subsection derives the exact variance of the plug-in

estimator 6. The variance involves two population quantities. For each profile (z,v) € T,
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define the finite-population variance of the potential outcomes at (z,v) as

S%(z,v) = —— Z [yi(z,v) — u(z, 'v)]Z, (S25)

and, for any two profiles (z,v), (2/,v") € T, define the finite-population covariance of the
potential outcomes at (z,v) and (2/,v’) as

§ (2,0 2,0) = ot 3 () — (e, o) (o) — a0 (526)

=1

Proposition S4 (Exact variance of the plug-in estimator). Under Assumption together
with Assumption |3 of the main teat,

— N1y S — no. S%(0,v)
Var{ ] 1;}91 N o 1;90 N Mo
— Z g1(v )S(1,v;1,0") — — Z g0(v)go(v")S(0,v;0,v")
v;év’ N'vyév’
N Z > qi(v )S(1,v;0,v"),
veV v’ ey

where the variance Var is taken with respect to the same randomization distribution of T

as in Proposition [S3.

Proof. The proof decomposes the variance of 6 into three components — the variance of
the weighted sum under each racial condition and the covariance between the two weighted
sums — and evaluates each component with the moments of the indicators from Lemmal[S1]

The estimator 8 in is a linear combination of the cell means fi(z,v) with
fixed weights ¢i(v) and —go(v). For fixed constants a; and §; and random vari-
ables X and Y}, covariance distributes over weighted sums: Cov [, ap Xy, > Y1 =
>k axf Cov [Xi, Y] (the bilinearity of covariance). The variance of a random variable
is the covariance of the random variable with itself. Writing Var[@A] as the covariance of

with itself and applying the bilinearity of covariance to the difference of the two weighted
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sums in (S16)),

Var |0] = Var [Z g(v ] + Var [Z 9o(v) (0 v)]

veY veY (827)
—2Cov [Z g1(v Z go(v ]
vey vey

Take the three components of (S27)) one at a time. For the first two, again by the bilinearity

of covariance,

Var [Z g1(v ] > g1(v)* Var [i(1,0)] + > gi1(v)g1(v') Cov [a(1,v), a(1,v")] (S28)
veY vey v#£v!

Var [Z go(v ] Z go(v)? Var [1(0,v)] + Z go(v)go(v") Cov [(0,v), i(0,v")] . (S29)
veY vey v#v’

Under SUTVA (Assumption [S1]), the cell mean fi(z, v) takes the form (S23)), so

Z%Z’vﬂ{T (z,0)},

sz 1

Var [ji(z, v)] = Var [

which, by the bilinearity of covariance, is

Var [fi(z,v)] = n2 Zyl z,v)% Var [I{T; = (z,v)}]

0 =1
Zyi(z,v)yj(z,v) Cov [{T; = (2,v)}, I{T; = (2,v)}].

5V ik

Then, under complete random assignment (Assumption , (S18) and (S19) of Lemma [S1| imply

that

Var [i(z i (W)

> vi(z,0)y;(z,v) (‘W) '

S0 i#j

1

nz,v<N - nz,v) o N - nz,u

= out of both terms of the display above, so that the
n?,N? N0 N2 pray ’

Factoring
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two sums collect into a single factor in brackets,

N —n,,

Var [ji(z,v)] = ThaNT

Zylzv —7Zy,zvyjzv) . (S30)
i#]

The remaining steps rewrite the factor in brackets in (S30) as a multiple of a finite-
2
population variance. Splitting the square of the sum (Zﬁvzl yi(z, ’U)) = >V vi(z,v)2 +
Yiz; Yi(2,0)y;(z,v) into its i = j and i # j terms and using Y, yi(z,v) = Npu(z,v),
N
> iz, 0)yi(2,0) = Npu(z,0)° = > _uilz,v)*
i#j i=1

Substituting this expression for 3°,.; v; (2, v)y;(z, v) into the factor in brackets in (S30]) and

combining the two terms of that factor over the common denominator N — 1,

i\f: (2,v)? — Np(z,0)° = S wi(z,0)” N [ngﬂ yi(2,v)% — Nu(z,v)ﬂ
i=1 e N -1 - N_1 .

Expanding the square in Y%, [y:(z, v) — u(z, v)]* and again using SN, y:(z, v) = Nu(z, v)
shows that SN [yi(z,v) — u(z,v)]> = =N, 4;(2,v)2 — Nu(z,v)2. The factor in brackets in

N
(S30) therefore equals N1
of the finite-population variance in (S25)), so that

SN wi(z,v) — p(z, v)]?, which is N.S?(z,v) by the definition

N —n,, N X 5 N —n.,S%2z,v)

naNt N1 2 ) el = T,

Var [fi(z,v)] = N -

For the covariance terms in (S28)) and (S29)), fix z and v # v’. SUTVA (Assumption [S1))

and the bilinearity of covariance imply that

Cov [fi(z,v), i(z,v")] = Cov Zyzzv]l{Tf(zv) n: Zy]zv)]l{Tf(zv)}

n“’z‘ 1

ZZ@/Z z,v)y;(z,v") Cov [I{T; = (z,v)}, {T}; = (2,v")}] .

nzvnzv i—1 =1
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Then (S20) and (S21) of Lemma [S1] imply that

Cov [fi(z,v), f(z,v")]
), =

Nz wNz v
[Zyzzvyzzv)( 2 >

=1

n Nzolzv ‘|

o )

i#]
1
=z [ Zyzzvyl(zv)jLNZyzzvy](zv)]. (S32)
i=1 1#]

The remaining steps rewrite the factor in brackets in (S32)) as a multiple of a finite-
population covariance. Splitting the product of the two sums into ¢ = j and ¢ # j terms

and using Y, (2, v) = Npu(z,v),

Zy, z,0)y;(z,v") (Z 2,V ) (;yj(z,'v’)) — Zyi(z,v)yi(z,v’)

i#£j i=1

= NQH(Z7 ’U) M(Zv ’U/) - Z yi('Z? v)yi(zv ’U/)'

=1

Substituting this expression for >, .; vi(2,v)y;(z,v’) into the factor in brackets in (S32))
and combining the two terms of that factor over the common denominator N — 1, which

gives the product term S~ v;(2, v)yi(2,v’) the coefficient —(N —1) —1 = —N,

N 2 / N /
N ) ) / N M(Z,’U) M(z’v)_Zizl yi(Z,’U)yi(Z,’U)
;yz(z,v)yz(z,v)—i- N —1

- _% ;yi(zvv)yi(z7vl)_Nu(z7v) M(Zﬂ’l) :

Expanding the product of the two deviations from the cell means u(z,v) and u(z,v’) in
each summand below and using the identities > | y;(z, v) = Nu(z,v) and 28 | yi(z,v') =
Nu(z,v") shows that

Z yz Z, U Z U)] [yi(zvvl) - M(Zvvl)] = Zyi(zav)yi(zav,) - N,LL(Z,U) /L(Z7vl)'

=1 =1

By the definition of the finite-population covariance in (S26)), the left-hand side of the
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N
display above equals (N —1) S (z, v; z,v'), so the factor in brackets in (S32) equals N1
(N—=1)S(z,v;2,v") = =NS (z,v; z,v'). Restoring the leading factor 1/N? that multiplies

the brackets in ((S32)),

Cov [ji(z, v), (=, )]:—]bS(z,v;z,v').

Consequently, the first two components of Var[é] in (S28) and (S29)), respectively, are

Var lz g1(v ] Z g1(v nlv Z g1(v ]1[5 (1,v;1,0")  (S33)

vey vey Lo v#v/
nO v 1 /
Vi ; . 4
ar [Zgo ] > go(v nos = > 90(v)g0(v)) 15 (0,0;0,0) . (S34)
vey veV v#v/

For the third component of Var[d ] (S27).

—2Cov lz g1(v ), Y go(v , (S35)

veyY vey

the bilinearity of covariance implies that

o [ nwit). T e ] S S ax(o)ao(of) Cov [3(1,0), 0] (536

veY v'ey veVv' ey

Then SUTVA (Assumption [S1)), together with (S20) and (S21)) of Lemma [S1], yields

N
$ 1 w001 (-0

Cov [ﬂ(17v)7ﬂ(0’v,)] = N1u710.0! ['_1 N2

N1 vNo0
i(1 (0, n__Hv Y
+§;y( 7v)y]( U)N2(N—1):|

i=1 i£j

- [—Zym,v)y@-(o,v') T Zyxl,v)yj(o,v')] ,

which reduces by the same three steps as the covariance Cov [fi(z,v), fi(z,v")] above —
splitting the product of the two sums, combining over the common denominator N — 1,

and recognizing the finite-population covariance (S26) — now with y;(1,v) and y;(0,v’)
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in place of y;(z,v) and y;(z,v’). Restoring the leading factor 1/N? that multiplies the

brackets in the display above then yields
1
Cov [3(1,0), 4(0,0')] = =18 (1,2:0,0). (S37)
Substituting (S37]) into (S36]) then yields

Cov Zgl Zgo :——ZZgl )S(1,v;0,v").

veY v’'ey UEVU %

Multiplying the covariance by —2 shows that the third component (S35|) of the variance

decomposition in ((S27) equals

ZZm )S(1,v;0,v"). (S38)

veV v’ eV

Finally, putting (S33)), (S34)), and (S38) together yields

=

nle N — ng, S?(0,v)
Var Z g1(v : Z go(v :
[ } vev N L veV N 10w

_7291 (1 ’071,’0 ZQO (O v; 0 ’U) (839)
v;év’ v;év’

+ = Z Z g1(v )S(1,v;0,v),
vEV v'ey

which completes the proof. ]

The exact variance in Proposition [S4] cannot be estimated. Each unit reveals the poten-
tial outcome of at most one cell — the fundamental problem of causal inference (Holland,
1986) — so no assignment identifies the cross-cell covariances S(z, v; 2, v"), which pair po-
tential outcomes that no unit exhibits together. Corollary [S2] therefore replaces the exact
variance with an upper bound whose every ingredient, including the correction term I', is a
within-cell variance S?(z,v) or its square root, each identified by the units assigned to the

corresponding cell. Confidence intervals computed from the upper bound are conservative
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rather than exact.

Corollary S2. Under Assumption[S1], together with Assumption[3 of the main text,

. 1
Var{0}<VarH: Z Zg )——max{O,F},
z€{0,1} veV Nz N
where S(z,v) = 1/5%(z,v) and the correction term I is

F=2 Y > g.()?S%zv) - <Zg1 1v)—i—Zgo(v)S(0,v)) :

z€{0,1} veV veY veY

Proof. From the expression for the variance in Proposition Var[f] is

nl,vS(
Var [i] = S o e S Z Sthuts) (S0
N —ng, S?(0,v)
+> go(v)? NO’ ( ——Zgo )S(0,v;0,v") (S41)
veY LLOR® v#W
+*Zzgl )S(1,v;0,0'). (S42)
verEV

The proof proceeds in three steps. Step 1 rewrites the exact variance so that every unidenti-
fied covariance is collected into a single nonnegative quantity, the variance of the unit-level
contrasts; dropping that quantity gives the first upper bound. Step 2 instead bounds each
unidentified covariance by Cauchy-Schwarz, which gives the second upper bound and the
correction term I'. Step 3 takes the smaller of the two upper bounds, which is the bound
the corollary states.

Step 1: an exact rewriting of the variance. For each unit ¢, define the unit-level contrast

291 ) yi(1,v) — Zgo ) y:(0,v).

vey vey

Exchanging the finite sums over i and v shows that the mean v := (1/N) XX | 4; equals 6
in (SI3), so the finite-population variance S?(¢) = 5 S, (¢); —1))? measures the spread
of the unit-level contrasts around the estimand. By the bilinearity of the finite-population

covariance, substituting the definition of 1; into S?*(¢)) and multiplying out the squared
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difference of the two weighted sums yields one term per pair of cells, with diagonal terms

S(z,v;2,v) = S?(z,v):

SN 602 (z0)+ D D g:(v)g.(v)S(2,v; 2, V)

z€{0,1} veV z€{0,1} v#v’ (S43)
-2 > qi(v )S(1,v;0,v").
veVv'eV

Since (N —n,4)/Nn,, = 1/n,, —1/N, the first term of (S40)) and of (S41]) decomposes as

3 g.(wp _an’” Si(f’m =2 gZ(v);S2(Z’U -5 2 9:(v)*S%(z,v), (S44)
veV v VeV 20 N &
so (S40)-(S42) regroup as the cell-variance term 3 .c(o1y Spey 9:(v)?S%(2,v) /0., minus
1/N times the right-hand side of . The regrouping matches term by term: The
decomposition supplies the —1/N multiples of the diagonal terms g,(v)?5%(z,v); the
second terms of and are the —1/N multiples of the within-condition covariances;
and , with its sign flipped by the leading minus, supplies the +2/N multiples of the

cross-condition covariances. The regrouping yields the identity

Var[ } Z Z gz S (Zvv) . S]E/}m’ (845)

z€{0,1} veV nz»”

the multi-cell analogue of the classical decomposition of the variance of a difference in
means, in which S%(¢) plays the role of the variance of the unit-level effects. Every uniden-
tified covariance now enters the variance only through S?(1)). As a sum of squared devia-
tions divided by N —1, §%(¢)) > 0, so dropping the term —S?(3)/N from the identity

can only increase the right-hand side. Dropping the term gives the first upper bound,

vaff] < Y 3 £SEEY)

2€{0,1} veV

(46)

Nzw

Step 2: the Cauchy-Schwarz bound. The second route bounds the unidentified covari-

ances in ([S40)—(S42)) one pair of cells at a time, replacing each covariance by a product of
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identified standard deviations. Fix z € {0,1}. By Cauchy-Schwarz,

1S (2,0: 2,0")| < \/5%(2,0)52(2,0),

and in particular

S(z,v;z,v") \/52,21;52(21))

The lower bound is the direction the proof needs because the within-condition covariances
enter (S40) and (S41)) with a minus sign. Multiplying the lower bound by the nonnegative
product of weights g.(v) g,(v’) preserves the bound’s direction, negating turns the lower

bound into an upper bound, and summing over the pairs v # v’ preserves the upper bound,

SO
!/ 1 /
- Z 9:(v)g:(V)S(z,v;2,v) < — > g.(v)g.(v )\/52(2,’0)52(2:,’0’)
U;év N v#£v’
1
= — Z 9-(v)g.(v')S(z,v)S(z,v"), (S47)
N v#v’
where the equality uses the definition S(z,v) = /S%(z,v) from the statement of the
corollary.

Then, by the decomposition (S44)) of the first term of (S40) and (S41]), together with

the identity

Z g-(v)S(z,v)g.(v)S(z,v") = <Zgz(v)5( ) Zgz )25%(2,v), (S48)

v#v’

it follows that

*Zgz 9:(v')S(2,0)8(2,v') = [(Zgz ) 3 g.(v)2S%(z,v)

v;é'v’ vey vey

Combining, for fixed z, the decomposition (S44)), the covariance bound (S47), and the
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identity (S48) bounds each of (S40|) and (S41)) by identified quantities alone:

N—n S (z,v)
> g:(0) < - = Z 9:(v)g:(v)S(z,v; 2,0
veV Nzw v#v
252 Z,v 2
gz—gz() _729,2 )25%(2,v) +<Zgz ) —fzgz )25%(z, v)
veY Nzw I veEY veY
202 2
v)°5%(z,v)
:Zgz() ——Zgz )28%(2,v) +N<Zgz zv)),
veEY Nzw vev veEY

where the equality collects the two —+ 3,ey g:(v)?S?(z, v) terms. Therefore, at z =1 and

z = 0 respectively, (S40) and (S41|) are bounded above by

g1(v)*5%(1, v)

nlm

D

vey

——Zgl )2S%(1,v) (Z g1(v )2 (S49)

vEV vey

and
22 2
3 0PSO 25 szow(zgo 0v>), (350)
veY 10,0 vev N veY
respectively.

For (S42), Cauchy-Schwarz implies that

S(1,2;0,v")] < /S2(1,0)82(0,v") = S(1,v)S(0,v"),
and, since g (v), go(v') > 0,

—Zgl )S(1,0;0,v") < NZgl go(v")S(1,v)5(0,v")

vv’ v,v’

(z e v>) (z 90(1’/)5(07’0/)) ()

Summing the three upper bounds — (S49) for (S40), (S50) for (S41), and (S51) for
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(S42) — bounds the whole variance:

CHOESD S pEECEEINERS S WAt e

z€{0,1} veV Nz ze{O 1} vey
2
+<ZQ1 1’U> +<Zgo )
vey vey

+ = (%m v)> (v%go(v’)S(o’v')> ‘

Finally, the three square terms in the bound above collect into a single square,

= (Z 7 (©)S(1,v) ) +— (Z o )2

vey vey

ik (; oo v)> (% go(v’)S(O,'v’)>
(Z MOEERIEDS go('v)S(U,’v)>2-

vey vey

By the definition of I" in the statement of the corollary, the subtracted diagonal term
—2 3.5, 9:(v)25?(2,v) and the collected square together equal —I'/N. The substitution

expresses the bound through T,

Var 6] < 3 % g("’)ZSz(“’) - ; (S52)
2€{0,1} vey ;

By the identity , the Cauchy-Schwarz bound is equivalent to the lower bound
S2(¢)) > T. The two steps thus bound the same unidentified quantity S?(¢) from below,
once by 0 and once by I', and neither lower bound is always the larger of the two because

I' may take either sign.
Step 3: combining the two bounds. Steps 1 and 2 each establish a valid upper bound
on Var[@A] — (S46|) and — so the variance is at most the smaller of the two upper

bounds. Subtracting max{0,I'}/N from the cell-variance term subtracts the larger of the
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two correction terms, 0 or I', and therefore selects the smaller upper bound:

2Q2
Var [5] < Z Z M _ imax{(), I},
z€{0,1} veV Nzv N

which completes the proof. ]

The identity is the multi-cell form of a decomposition that goes back to Neyman
(1923) and appears, for two arms, as Theorem 6.2 of Imbens and Rubin (2015, p. 89) and,
for a general contrast of the means of the arms of a multi-arm experiment, as Theorem 3 of
Li and Ding (2017). Discarding the variance of the unit-level contrasts outright, as in (S46)),
is the standard route to a conservative variance in randomization-based inference: For two
arms, the resulting bound is what the Neyman variance estimator estimates (Imbens and
Rubin, 2015, Theorem 6.3 and pp. 92-93), and for the general contrast, the bound and
its plug-in estimator appear in Li and Ding (2017, Proposition 3). Bounding unidentified
covariances by Cauchy-Schwarz likewise goes back to Neyman (1923)): Given only the
identified second moments, the Cauchy-Schwarz bounds on an unidentified covariance are
the sharpest available, and sharper bounds require bringing the marginal distributions of
the potential outcomes to bear (Aronow et al., 2014}, pp. 852-854).

How the two branches relate depends on the number of cells. With a single pro-
file in ¥V — the classical two-arm experiment — the correction term reduces to I' =
[91(v)S(1,v) — go(v)S(0,v)]* > 0. The Cauchy-Schwarz branch is therefore never looser
than the branch that discards S%(1)), the two branches coincide exactly when g;(v)S(1,v) =
go(v)S(0,v), and the maximum always selects the Cauchy-Schwarz branch, which is the
classical Neyman bound for a two-arm experiment (Aronow et al., 2014, p. 853). The two
classical routes to a conservative variance do coincide in the two-arm case once Cauchy-
Schwarz is completed, as in Neyman (1923), with the inequality of arithmetic and ge-
ometric means: The completion bounds 2g;(v)ge(v)S(1,v)S(0,v) by g1(v)2S?*(1,v) +
90(v)?S%(0,v), and the resulting bound is exactly (S46), the bound that discarding S?(¢)

produces.
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With two or more profiles, no ordering between the branches holds: I' may take either
sign, so either branch can be the tighter one, and the maximum genuinely chooses. Ex-
ample [S1| shows the two branches taking different values on one population, with the true

variance below both.

Example S1 (The two branches diverging in a four-prosecutor population). Simplify the
charging example of Figure [3[in the main text to four prosecutors, indexed i € {1,2,3,4}.
Each case file pairs a race, White (z = 0) or Black (z = 1), with a single nonracial feature,
neighborhood disadvantage v € {0, 1}, coded v = 1 for a disadvantaged neighborhood as
in the worked examples above. The pairing gives four configurations. The design assigns
each of the four configurations to exactly one of the four prosecutors, uniformly at random,
so every cell count is n,, = 1.

Cells of size one are permissible here because the example evaluates the exact variance
and the two bounds, which are population quantities defined for any positive cell counts.
The requirement n,, > 2 applies only to the plug-in estimator of the variance bound,
stated in below, which the example does not compute.

The two racial conditions share the uniform weighting of panel (a) of Figure [3| g;(v) =
go(v) = 1/2 at both values of v, so the target is the AEE. The potential outcomes record
whether each prosecutor would charge (1) or decline (0) each file: Prosecutor 1 would
charge every file, prosecutors 2 and 3 would charge exactly the Black-marked file from the

disadvantaged neighborhood, the configuration (1,1), and prosecutor 4 would charge no
file.

White (z =0) Black (2 =1)

yi(zvv) 'U:O ’U:1 ’U:O 'U:l
Prosecutor 1 1 1 1 1
Prosecutor 2 0 0 0 1
Prosecutor 3 0 0 0 1
Prosecutor 4 0 0 0 0
Cell mean p(z,v) 1/4 1/4 1/4 3/4

Cell variance S?(z,v) 1/4 1/4 1/4 1/4

Each column contains either one or three ones, so every cell mean is 1/4 or 3/4, every cell
variance is S?(z,v) = 1/4, and S(z,v) = 1/2 for every cell.

The two branches of the variance bound in Corollary [52| now separate. The branch that
discards S2(1) gives the upper bound on Var[f]

5 Z,czz(v)252<z,'v> 4 (1)2 41

z€{0,1} v Nz

97



The correction term is

2 i 1 1 1\? 1
=2 Y 3 g¢.(v)*5%(z,v) > Y g.(v) :2.4_(4.2.2> =
ze{0,1} ¥ z€{0,1} v
1

so the Cauchy-Schwarz branch gives the upper bound i — (—5) /4 5

For the exact variance, evaluate the unit-level contrasts ¢; = 5 [y;(1,0) + v;(1,1)] —

£ [4:(0,0) +4;(0,1)]. The four values are (0,1, 3,0), with mean 1/4; the four deviations
14,1 _ 1

from the mean are 1/4, so the variance of the unit-level contrasts is S*(1)) = 3 -4- 55 = 7.
The identity (S45]) then gives

:i+é:§0n\/ar[§}.
al
2

~ 1 1/12 11
Var[@}:4—él:%.

The same value follows from direct calculation over the set of assignments. The di-
rect calculation uses only the definition of the variance over equally likely assignments,
so agreement with the value above checks the identity and the expression for the
variance in Proposition [S4 on this population. Under Assumption [3] of the main text, the
set of assignments () contains the 4! = 24 ways to assign the four configurations to the four
prosecutors, each with probability 1/24.

Prosecutors 2 and 3 have identical potential outcomes, so 6 depends on the assignment
only through the configurations that prosecutors 1 and 4 read. Prosecutor 1 reads any one
of the four configurations, and prosecutor 4 then reads any one of the remaining three,
so the pair of configurations takes 4 x 3 = 12 equally likely values, each value collecting
two of the 24 assignments. Each cell mean is the potential outcome of the lone prosecutor
assigned to that configuration: The mean fi(1,1) equals 1 unless prosecutor 4 reads the file
(1,1), and each of the other three cell means equals 1 exactly when prosecutor 1 reads the

corresponding file. Therefore

~ 1
0= 3 I{prosecutor 4 does not read (1,1)} + L{prosecutor 1 reads (1,0)}

— I{prosecutor 1 reads (0,1)} — 1{prosecutor 1 reads (0,0)}|,

and evaluating the four indicators at each of the twelve values of the pair of configurations

gives the value of 0 at every assignment:

Configuration read by prosecutor 4

Configuration read by prosecutor 1 (0,0) (0,1) (1,0) (1,1)
0,0) — 0 0 “1/2
0,1) o — 0 ~1/2
(1,0) 1 j— 1/2
(1,1) 12 12 1/2 -
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The twelve equally likely entries give the distribution of f: the value 1 with probability
2/12, the value 1/2 with probability 4/12, the value 0 with probability 4/12, and the value
—1/2 with probability 2/12. The mean over the set of assignments is

_2.1+4-%+4~0+2'<_%) _ 31

Em 12 12 4

which equals the estimand 6 = 3 [1(1,0) + p(1,1)] — 5 [1(0,0) + p(0,1)] = 1, as the un-

4
biasedness of 6 for 6 in Proposition [S3| guarantees. The second moment over the set of

assignments is

E[@}:2-1+4-}1+4-0+2-i:7/2: 7
12 12 24

so the variance calculated directly over the set of assignments is

7 (1)2_14 3 11
4

Var {HA] =01 =

TR BB
in exact agreement with the value that (S45|) produced above from the expression for the

variance in Proposition [S4, The three quantities are ordered as

Var m E < B

B 1 18
48 48 4

(discarding S*())) < yrim : (Cauchy-Schwarz).
Both branches bound the true variance, and the two upper bounds are not equal. Because
[' < 0, the maximum in Corollary [S2|equals max{0,I'} = 0, so the corollary’s bound is the
smaller of the two upper bounds — here 12/48; from the branch that discards S%(1)).

The example reverses the ordering of the two-arm case, in which the Cauchy-Schwarz
branch is never the looser branch. The reversal has a plain source. Each branch replaces
a quantity that the data cannot identify with the value that makes the resulting bound
largest. The Cauchy-Schwarz branch replaces every cross-cell covariance at once: each
within-condition covariance with its most negative possible value and each cross-condition
covariance with its most positive possible value. Yet no single population of potential
outcomes places all of the covariances at those extremes simultaneously when four cells
have equal spread, so the Cauchy-Schwarz bound exceeds the exact variance of every such
population. The branch that discards S?(¢) replaces a single quantity, the variance of
the unit-level contrasts, with zero, and a population attains zero whenever the unit-level
contrasts 1; do not vary.

The Cauchy-Schwarz branch becomes the tighter one under a small change to the po-
tential outcomes. Change the potential outcomes of prosecutor 1 so that prosecutor 1

would charge only the file (1, 1); the other three prosecutors keep their potential outcomes.
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No prosecutor would charge any file other than (1,1), and the column of the configura-
tion (1,1) is unchanged. Every cell except (1,1) is then constant, with S?(z,v) = 0,
while S%(1,1) = 1/4 as before. The branch that discards 52(1/1) gives the upper bound

2
(1/2)*- 1/4 = . The correction term is now posmve I' = 2 = — (% : %) = 1, so the
Cauchy- Schwarz branch gives the upper bound ;5 — 14% = 6 T and the corollary’s bound

is the Cauchy-Schwarz branch. The unit-level contrasts are ; = 5 Lyi(1,1), with variance
20\ — 1.1 _ 1 _ :

S*() = ;-7 = 15 = I, so the Cauchy-Schwarz bound equals the exact variance, 3/64. The

mechanism from the four-varying-cell case runs in reverse: With a single varying cell, every

cross-cell covariance is zero, so the Cauchy-Schwarz replacements introduce no slack at all,

while the branch that discards S?(v) still replaces the positive variance S?(1)) = 1/16 with

Zero.

Now define a plug-in estimator of the variance bound, requiring n,, > 2 for every

(z,v) € T so that the sample variance defined below exists for every cell:

Var [ } >y M _ 1 max {0, f‘} , (S53)

z€{0,1} veV Nzw N
2
I=2 3 Y ¢.(v)*5%z,v) (Z g1(v)S (1,v) + Zgo('v)g(o,v)> ,  (S54)
z€{0,1} veY veY veY

where, for each profile (z,v),

Z,0

and S(z,v) = 1/9%(z,v).

Within each cell, the units assigned to the cell form a simple random sample without
replacement from the N units, so the sample variance 52(z,v) is unbiased for S%(z,v) by
the classical result for sampling without replacement (Cochran, (1977, Theorem 2.4). The
plug-in estimator of the variance bound as a whole is nonetheless not unbiased for W[GA]
in finite samples: The square root and the maximum are nonlinear, so Jensen’s inequality
introduces bias through each nonlinearity. The property established below for the plug-in
estimator of the variance bound is therefore consistency, not unbiasedness.

The remaining results establish, over a sequence of finite populations of increasing size,
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the consistency of the plug-in estimator 0 for the limiting parameter, the consistency of the
plug-in estimator of the variance bound for the scaled limiting bound, and a central limit

theorem for . The following regularity conditions govern the sequence.

Assumption S5 (Asymptotic regularity conditions). Consider a sequence of finite popu-
lations indexed by N, with potential outcomes {y;(z,v) : i =1,...,N; z € {0,1},v € V}
and treatment profiles assigned under complete random assignment with fixed cell counts
N, for z € {0,1} and v € V, as in Assumption @ The potential outcomes, the cell counts,
the moments below, and the estimator 0 all depend on N. The notation suppresses the
index except where an argument compares quantities across population sizes, as with the
estimand Oy, the limiting parameter 0., and the scaled variance a%}N below. Throughout
the asymptotic results, a plain arrow — denotes the convergence of a nonrandom sequence

of real numbers as N — co. Suppose:

(a) The set of attribute profiles V is finite, and for each profile (z,v) there exists T,y 00 €
(0,1) such that

Nzw

N

— Mmoo @S N — 00.

(b) For each profile (z,v), the finite-population second moments are uniformly bounded:

1 N
NZyz-(z,vY <0y
i=1

for some constant Cy < oo that does not depend on N. The finite-population means
w(z,v), the finite-population variances S*(z,v) of (S25), and the finite-population
covariances S(z,v;2',v") of (S26|) converge to finite limits, denoted

Hzw,00 S IR7 Sg,v,oo € [07 OO): Sz,v;z’,v’,oo S R,
and we write S, 4 00 = 1/S2,, - The Lindeberg-type condition

2
e (z20) —pz )l
1<i<N N

also holds for each profile (z,v).
(¢) The weights g.(v), for z € {0,1} and v € V, do not vary with N.

(d) (Nondegeneracy of the limiting variance.)  Under (a)-(c), the scaled wvariance

N Var [é] converges to a finite limit. By the expression for the variance of the
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plug-in estimator in ((S45)),

NVarH

v)*S*(z,v) — S*(¥),

z€{0,1} vey

and each term on the right-hand side converges under (a)-(c): the ratios N/n, to
1/7. 0,00 under (a), the variances S*(z,v) to S2,, ., under (b), and S*(¢) — a combi-
nation of the variances and covariances with weights fized under (c), as shows
— to the same combination of the limits in (b). Condition (d) itself is the assumption

that the limit is strictly positive,

Tpoo = hm N Var [6’} (0, 00).

— 00

The convergence statements for random quantities in the results below — consistency and
the central limit theorem — are with respect to the randomization distribution that complete

random assignment induces, conditional on the potential outcomes.

Define the scaled variance and the scaled limiting bound,

037 N =N Var [HA] , 03 = lim N Var [9]

N—oo

where the limit defining @ . exists and is finite by Assumption (a)f(c) and Corollary [S2|
Explicitly,
gz 2 52
Tpoe= D Y, ——22 —max{0, I'x}, (S55)

z€{0,1} veV Tzv,00

I =2 Z Zgz(v) .00 <Zg1 S1voo+zgo SOvoo)a (S56)

z€{0,1} veV veV vey

which follows from Assumption [S5|(a)—(c) by taking the limit of each term of the scaled
bound N W[@]: The finite sums converge term by term, with N/n,, — 1/7,, . and
S(z,v) = S, 400, SO the correction term converges, I' — I'y.. The function z — max{0,z}
is continuous at every point of R: The function equals x above zero and 0 below, and
the two pieces agree at zero. A continuous function preserves the limit of a convergent

nonrandom sequence, so max{0,I'} — max{0,I'}.
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The plug-in estimator 0 is consistent for the limiting parameter.

Proposition S5 (Consistency of the plug-in estimator). Under Assumptions and
together with Assumption [3 of the main text, define the finite-population estimand

Ox = ai(0)u(l.v) = 3 go(w)u(0.v)

vey vey

— the estimand 0 of (S13|), written here with the subscript N to make explicit its dependence

on the population size — and the limiting parameter

900 = Z gl(v)lul,’u,oo - Z go('U),UO,v,oo'

veY vey

Then
§i>900 as N — oo,

where -2 denotes convergence in probability under the randomization distribution induced

by complete random assignment, conditional on the potential outcomes.

Proof. The proof proceeds in four steps. Step 1 establishes the consistency of each cell
mean for the corresponding population cell mean. Step 2 combines the cell means into
the plug-in estimator and establishes the convergence in probability 6— 0y 0. Step
3 establishes the nonrandom convergence 0 — 6,,. Step 4 combines the convergence in
probability from Step 2 with the nonrandom convergence from Step 3.

Step 1: consistency of the cell means. Fix (z,v) € {0,1} x V. Under complete random
assignment with fixed counts n, ,, the set {y;(z,v) : T; = (z,v)} is a simple random sample
without replacement of size n,, from the finite population {y;(z,v) : ¢ =1,..., N}, and
fi(z,v) is the corresponding sample mean. From the expression for the variance of fi(z,v)

derived in the proof of Proposition [S4]

N —n,, S?(z,v)
N New

)

Var (2, v)] =

By Assumption (a), Now/N — T € (0,1), so both n,, and N —n,, diverge and
(N —n,0)/N =1 —7,40 € (0,1). By Assumption (b), S?(z,v) converges to the finite
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limit S?

00" There is therefore a constant C,, < oo and an integer Ny such that for all

NZN07

)
=

Var [fi(z, v)] <

Nzw

The right-hand side tends to 0 because n,, — 0o, and the variance is nonnegative, so
Var [fi(z,v)] — 0. Under complete random assignment, fi(z,v) is unbiased for pu(z,v)

(Proposition , so by Chebyshev’s inequality, for any n > 0,

Pr(|az,v) — p(z0)] > 1) < V“jf”” S0,

and therefore fi(z,v) — pu(z,v) -2 0 for each profile (z,v).

Step 2: consistency for the finite-population estimand. Write

0—0n = g1(v) {(1,0) — u(1,0)} = > go(v) {0, v) — p(0,v)}.

vey veY

Because V is finite and the weights g.(v) are fixed by Assumption [S5{(c), the right-hand
side of the display above is a finite linear combination, with fixed coefficients, of terms that
converge in probability to 0 by Step 1. A finite linear combination of such terms with fixed

coefficients itself converges in probability to 0; hence
0 — Oy 0.

Step 3: convergence of the finite-population estimand to its limit. By Assumption (b),
w(z,v) = 1,400 for each profile (z,v). A finite sum of convergent sequences with fixed

coefficients converges to the same sum of the limits, so

9N—>Zgl V) H1v,00 — Zgo )H0,v,00 = Ooo-

vey vey

Step 4: combining the limits. Adding and subtracting 6y splits the error into a random
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part and a nonrandom part,

~

0 — oo = (0= Ox) + (O — 0c0) -

The first term converges in probability to 0 by Step 2, and the second term is nonrandom
and converges to 0 by Step 3. The sum therefore converges in probability to 0, which

establishes 6 -2 0. O

The plug-in estimator of the variance bound in (S53)) is consistent for the scaled limiting
bound 73  in (S53).

Proposition S6 (Consistency of the plug-in estimator of the variance bound). Under
Assumptions[S1) and [SH, together with Assumption 3 of the main text,

—

N Var 0] 2575 .
Proof. The proof establishes the consistency of each cell’s sample variance and then assem-
bles the scaled plug-in estimator of the variance bound by the continuous mapping theo-
rem, which states that convergence in probability is preserved by continuous functions: If
Xy 2 2 and the function h is continuous at x, then h(Xy) == h(z).

Fix (z,v). Under complete random assignment and SUTVA, the set {Y; : T} = (z,v)} =
{yi(z,v) : T; = (2,v)} is a simple random sample without replacement of size n,, from
the finite population {y;(z,v) : i = 1,..., N}, and 32(2,1)) is the corresponding sample
variance, which is unbiased for S?(z, v) (Cochran, [1977, Theorem 2.4). Two cases establish
S%(z,v) — S*(z,v) = 0, according to whether the limiting variance S2, ., of Assump-
tion [S5|(b) is zero or positive. Both cases are possible: S?(z,v) measures the spread of the
potential outcomes across units rather than a sampling variance, so the limit need not van-
ish as IV grows, and Assumption [S5| permits a zero limit for any single cell — condition (d)
restricts only the limiting variance of 0 as a whole. The zero case needs its own argument
because the ratio consistency used in the positive case divides by S?(z,v).

If 52, .o = 0: Markov’s inequality states that, for a nonnegative random variable X and
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any n > 0, Pr(X >17) < E[X]/n. Applied to the nonnegative random variable 5%(z, v),
the inequality gives
E {32(27 ’U)} S%(z,v)

Pr (32(2, v) > 77) < » = ; — 0,

because 52(z, v) is unbiased for $%(z, v) and S2(z, v) — 0. The display gives 5%(z, v) - 0,
and subtracting the nonrandom sequence S?(z,v) — 0 leaves 52(z,v) — S%(z,v) -~ 0.

If S2 > (: Proposition 1 of Li and Ding (2017)) gives the consistency of the ratio

82(z,v)/5%(z,v) 25 1,

provided Condition (4) of their Theorem 1 holds for the cell, namely

1 ) maxi<;<nN [yi(z7 'U) - M(Zv 'U)]2
min (n, ,, N —n,,) S%(z,v)

0. (S57)

To verify the condition (S57)), factor its left-hand side into three pieces,

N maxicicn [yi(z,v) — p(z,0) 1
min (1, p, N — 1) N S2(z,v)

The first factor converges to 1/ min(7m, 400, 1 — T2 .00, & finite limit, by Assumption (a).
The second factor converges to 0 by the Lindeberg-type condition of Assumption (b)

The third factor converges to 1/52 a finite limit, because S?, > 0 in the present case.

,V,00) 2,0,00

A product of two factors with finite limits and one factor that converges to 0 converges to

0, so the condition (S57) holds. Since S?,_ > 0, the variance S%(z,v) is positive for all

2,1,00

large N, and multiplying and dividing the estimation error by S?(z,v) gives

$2(2,v) — S2(z,v) = S%(2,v) [gzgjfv’; - 1] .

The factor in brackets converges in probability to 0 by the consistency of the ratio, and

S%(z,v) is a nonrandom sequence with a finite limit, hence bounded. The product of a
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bounded nonrandom sequence and a sequence that converges in probability to 0 converges
in probability to 0, so 5%(z,v) — 52(z,v) == 0.
In both cases S2(z,v) — S%(z,v) - 0, and S%(z,v) — S2, . by Assumption (b),

so 52(z,v) 25 52

Zwoo- Because the square-root function is continuous on [0,00), the

continuous mapping theorem then gives S (z,v) N S0
Because V is finite, the vector (5’2(2, v), S (z, v)) has finitely many coordinates, and
2,0
convergence in probability coordinate by coordinate implies convergence in probability of

the whole vector. The vector therefore converges in probability to (va o>

Swoo) - The

Z,0

scaled plug-in estimator of the variance bound

N — max {0, f‘},

NVar [0] = 3 g.(0)28%(z,v)

2,0

2
T=2 g.(v)8(2,v) - (Zgl S(1,v +ZQO 0’”)) ;

is a finite composition of additions, multiplications by the fixed scalars g.(v)? and the ratios
N/nsw = 1/, 000, squared finite sums, and the function x — max{0,x}, all of which are
continuous operations. The ratios N/n, , are nonrandom, and a nonrandom sequence that
converges to a limit also converges in probability to that limit, so the full vector of inputs —
the sample variances, their square roots, and the ratios — converges in probability jointly.

By the continuous mapping theorem, replacing 32(2, v) by S?

Z,v,007

S(z,’v) by S .00, and
N/nyw by 1/7, 400 yields

—

N Var m 5 T oo
which completes the proof. O

Finally, 0 satisfies a finite-population central limit theorem, which together with the
consistent plug-in estimator of the variance bound justifies the Normal-approximation con-
fidence intervals reported in the application. The intervals require only the consistency

just established. By Slutsky’s theorem, standardizing 60— 0y by any scale that converges
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in probability to a limit at least as large as 0y~ produces a statistic whose limiting dis-
tribution is Normal with variance at most one, so a confidence interval built from such a
scale covers 6y with limiting probability at least the interval’s nominal level — coverage
that is asymptotically conservative. Conservative coverage delivers valid inference: A test
that rejects a hypothesized value of the estimand exactly when the interval excludes the
hypothesized value rejects a true value with limiting probability at most the nominal error

rate.

Proposition S7 (Finite population CLT for the plug-in estimator). Under Assumptions
and [ST, together with Assumption[3 of the main text,

\/N{é\—QN}/O'gyN i) N(O,l),

where N'(0,1) denotes the Normal distribution with mean 0 and variance 1, and L5 de-
notes convergence in distribution under the randomization distribution induced by com-

plete random assignment, conditional on the potential outcomes. The scaled variance
oy =N Var [5} is given by Proposition and o 5y — 03 o, € (0,00).

Proof. The proof recasts the plug-in estimator of the estimand family, 6, as a scalar contrast
of the means of the arms of a multi-arm experiment — the setting of Theorem 5 of Li and
Ding (2017)), which states a finite-population central limit theorem for a fixed linear contrast
of arm means under complete random assignment. Casting 6 in that form lets the theorem
apply directly: The cells (z,v) become the arms, and the estimand weights become the
contrast weights. The proof sets up the correspondence and then verifies the theorem’s
conditions.

To match the notation of Li and Ding (2017)), index the treatment profiles (z,v) € T by
g=1,...,0Q, one arm per cell, and define scalar potential outcomes Y;(q) := y;(z,v). Let
}A/(q) and Y (¢) denote the sample mean and finite-population mean in arm g. A contrast
weight attaches to each arm the coefficient that the arm’s mean carries in the estimand:

The cells of racial condition 1 enter 8y with weights g;(v), and the cells of racial condition
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0 enter with weights —go(v). Define the contrast weights accordingly,

gi(v)  if arm ¢ indexes the profile (1, v),
Cq =

—go(v) if arm ¢ indexes the profile (0, v).

Substituting the arm notation into the definitions of 8 in (S16|) and of x collects each into

a single weighted sum over arms,

~ Q A
9 = Z CqY(q)7 9N = Z CQY(Q)7
q=1

which is the scalar contrast of Li and Ding (2017, Section 2) with a 1 x @) contrast matrix
whose entries are the ¢,. The index ¢ and the potential-outcome notation Y;(q) are local
to this proof and follow Li and Ding (2017). The index ¢ is unrelated to the joint PMF
q(z,v) and the conditionals ¢, of the main text, and Y;(q) denotes the potential outcome
y;(z,v) rather than the observed outcome Y;.

Assumption [S5{(a)—(c) ensure that the conditions of Li and Ding (2017, Theorem 5)
hold. As N — oo, the arm fractions n,/N converge to positive limits by (a). The finite-
population variances and covariances converge to finite limits as N — oo by (b), and
the Lindeberg-type condition on the maximum squared deviation also holds by (b). The
contrast weights ¢, do not vary with N by (c); the theorem takes the contrast matrix
as fixed along the sequence, so weights that changed with N would change the estimand
from one population to the next and fall outside the theorem. Assumption (d) is the
nondegeneracy condition ensuring that the limiting variance 03700 = limy0o NV Var[g] is
strictly positive. With the conditions verified, Theorem 5 of Li and Ding (2017)), applied

to the scalar contrast 5, gives
VR 005} 5 N (0,03,0)
The standardized display of the proposition follows by Slutsky’s theorem. Write the stan-
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dardized statistic as a product,

VR {0} VN{I- 6} o .

09N 00,00 09,N

The first factor on the right-hand side of converges in distribution to N'(0, 1) because
dividing the limit N (0,05 ) by the constant g . > 0 rescales the limit to unit variance.
The second factor is a nonrandom sequence that converges to 1: 037 N Ug’oo € (0,00) by
Assumption (d), and the square root and the reciprocal are continuous at the strictly
positive limit. Applied to the two factors of — one converging in distribution and

one converging to the constant 1 — Slutsky’s theorem gives
VN{0—0x} Joon —5 N(0,1),
which is the display of the proposition. O

S1.9 Confidence intervals for the NREC ratio

Sectionof the main text estimates the NREC by the instrumental-variables ratio NREC =
Ay / AZ, the ratio of the reduced-form estimator to the first-stage estimator (|11))
of the main text, with the cue as the instrument and perceived race as the treatment
taken up; Section [6.2] of the main text develops how this instrumental-variables reading
relates to the classical setting. A confidence interval for the ratio uses a delta-method
approximation, justified for the finite population by Pashley (2022) together with a finite-
population central limit theorem (Li and Ding, |2017)). The interval is design-based, large-
sample, and approximate rather than exact.

The justification runs along a sequence of finite populations of increasing size, indexed
by N as in Assumption with the cue in place of the configuration as the randomized
assignment: n,, units receive cue value w € {0, 1} under Assumption of the main text, and

the arm shares n,, /N converge to limits in (0, 1), the analogue of Assumption [S5{(a). Beyond
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randomization of the cue, the delta-method approximation rests on three conditions, which
specialize to the ratio the requirements of the finite-population delta method (Pashley, 2022,
Theorem 2) and of the central limit theorem that the delta method draws on (Li and Ding,
2017, Theorem 5):

o The complier share converges to a positive limit, |C|/N — m¢ > 0. Under Assump-
tion the population first stage equals the complier share, Ay = |C|/N, as in
the proof of Corollary [SI] so the positive limit keeps the denominator of the ratio
away from zero along the sequence. The positive-limit condition strengthens Assump-
tion [S4] which requires only one complier at each population size N and so permits a

complier share that vanishes as N grows.

o Under each value w of the cue, the finite-population means, variances, and covariances
of the response y;(w) and of perceived race z;(w) converge to finite limits, and the

. 1 —N 2 .
response satisfies max;<;<n [yi(w) — N =1 Yi (w)} /N — 0. The two requirements
are the analogues of Assumption (b) for the cue design. The maximum-squared-
deviation condition needs no separate statement for perceived race: Because z;(w) €
{0, 1}, every squared deviation of z;(w) from its mean is at most 1, so the maximum

divided by N is at most 1/N, which tends to 0.

« The variance of the linearized statistic Ay —NREC-A, the numerator of (S59) below,

scaled by N, converges to a strictly positive limit, the analogue of Assumption (d)

The delta method reaches the ratio from a linear statistic. Subtracting the NREC from
the ratio and placing the difference over the common denominator Ay gives the exact

identity

Ay — NREC - A,

Az

NREC — NREC = (S59)

The numerator is the linearized statistic: The numerator is linear in the pair (Ay, A z),
and its mean over the randomization distribution of the cue is zero, because E[Ay] = Ay

and E[AZ] = Ay — the two-arm analogue of Proposition |S3|— and Ay — NREC-A; =0
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by Proposition [2| Two steps then deliver the Normal approximation for the ratio. First,
the pair (Ay, AZ) satisfies a joint finite-population central limit theorem (Li and Ding,
2017, Theorem 5). Second, the finite-population delta method (Pashley, 2022, Theorem 2)
replaces the random denominator Ay in by the nonrandom Ay; the replacement is
asymptotically negligible because Ay converges in probability to the positive limit 7e.
The variance of the linearized statistic has the two-arm Neyman form. For each unit ¢
and cue value w, define the composite outcome a;(w) = y;(w) — NREC- z;(w): the response
minus NREC times perceived race. Under the cue-level SUTVA (Assumption , the
observed combination Y; — NREC - Z; equals a;(W;). The linearized statistic is therefore
the difference of the two cue arms’ means of the observed composite outcomes, and the
identity , applied with one cell per arm and the composite outcome in place of the

potential outcome, gives

S | 2O $m) so0)

nq N N

Var |Ay — NREC- Az| =

where the variance Var is taken over the randomization distribution of the cue assignment,
S2(w) is the finite-population variance of the composite outcomes a;(w) under cue value w,
and S?(7,) is the finite-population variance of the unit-level differences 7,; == a;(1) — a;(0).
As in Corollary [S2] the subtracted term is unidentified — each unit reveals its composite
outcome under one cue value only — and S?*(7,) > 0, so dropping the subtracted term
bounds the variance from above:

SH1) | SH0)

ny )

Var [Ay = NREC- Az| < (S61)

The bound in follows Pashley (2022, Section 3.1), whose conservative variance keeps
the identified within-arm variances and drops the subtracted term, and corresponds to the
branch of Corollary |S2[ that discards the variance of the unit-level contrasts, , with
the composite outcome in place of the potential outcome.

The plug-in estimator of the bound replaces each population piece by its sample coun-
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terpart, with the unknown NREC in the composite outcome replaced by the ratio NREC:

2
g2l 50 sy L (AZ- _ nl > Aj) o (S62)
' w W=
where /All =Y, — 1@ - Z; is the estimated composite outcome for unit 7. Under the
three conditions, NV is consistent for the limit of N times the bound in (S61]). Expanding
the square shows that S2(w) = S2(w) — 2 NREC Sy z(w) + Pﬁ%E\C2 S2(w), where S2(w),
S2(w), and Sy z(w) are the within-arm sample variances and covariance of the observed
outcome and perceived race. Each within-arm sample variance is consistent for its limit
by the argument of Proposition [S6], and the sample covariance follows from the same
argument applied to the sum of the outcome and perceived race; NREC is consistent
for the NREC because its numerator and denominator converge in probability and the

limiting denominator m¢ is positive; and the expansion is a continuous function of the

sample moments and the ratio. The reported confidence interval is

NREC + & (1 — a/2) A
Z

where ®1(1 — «/2) is the standard Normal quantile at level 1 — a/2; the division by |A|
restores the denominator of the linearization in ((S59)), with Ay in place of the unknown
Ay.

Divided by A%, the variance bound in is the finite-population analogue of the
usual asymptotic variance of the instrumental-variables estimator (Angrist and Pischke,
2008, Section 4.2.1, pp. 138-140) — itself the variance of a linearization, with the first
stage in its denominator. The interval therefore degrades when the cue moves perceived
race only weakly (Angrist and Pischke, 2008, Section 4.6.4, pp. 205-216): A small complier
share leaves AZ small relative to its own sampling variability, and asymptotic standard
errors and confidence intervals can then suggest that an unstable estimate is stable (Imbens

and Rosenbaum, [2005, Section 1.4). Approaches built for weak instruments include the
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permutation intervals of Imbens and Rosenbaum (2005) and the methods of Kang et al.

(2018) and Aronow et al. (2020]).

S2 Additional Material

This section collects the summary table of grounds from Section [5| of the main text (Sec-

tion [S2.1)).

S2.1 Summary of grounds for choosing among members of the

estimand family

Table [S2] collects the grounds developed in Section [5] of the main text, ordered by which

component of the estimand each ground bears on.

Ground Implication for the estimand

Panel A. The contrast: which nonracial features are held fixed

Classical conception of the Hold every nonracial feature fixed: the
category all-else-equal effect

Thick constructivist conception  Let the indexed features vary by race: the
within-race effect

Isolating a causal mechanism Provide the information the decision-maker
could otherwise infer and hold it fixed: a
mixed effect

Normative and legal Hold the allowable features fixed; let the
commitments non-allowable vary: a mixed effect

Panel B. The weighting: how the varying features are weighted
External validity Calibrate p or the ¢, to the target population

Typicality Weight each conditional distribution ¢, by
closeness to the group’s prototype

Note: Panel A grounds select the contrast and, with it, the member type; Panel B
grounds set the distributions the chosen contrast uses. Every member also fixes a subset
of units, typically all N or, under the perception-based regime, the compliers C

(Section [4)).

Table S2: Grounds for choosing among the members of the estimand family
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