Variance and Conservative Estimation of the
Difference-in-Means Estimator (SATE)*

Thomas Leavitt

This guide derives the variance of the Difference-in-Means estimator for the Sample Average
Treatment Effect under complete random assignment, and then develops a conservative estimator
of that variance. The setup below is self-contained; readers wanting the full development of the
framework can consult the companion guide “Notation and Setup: The Finite Population Potential
Outcomes Framework.” The companion guide “Variance and Conservative Estimation of the

Difference-in-Means Estimator (PATE)” extends these results to a superpopulation.

1 Variance of the Difference-in-Means estimator for the Sample Average
Treatment Effect (SATE)

1.1 Setup

Let the index ¢ € {1,...,n} run over n units in a finite sample, S,,, where n > 4. Of these n
units, ny > 2 are assigned to the treatment condition and no > 2 are assigned to the control
condition, where nr + ng = n. Although not necessary for the unbiasedness of the estimator or for
the derivation of the Difference-in-Means estimator’s variance, these assumptions on the sizes of n,
nr and ne ensure that the conservative (Neyman) estimator of the Difference-in-Means estimator’s
variance is well defined. That estimator forms a separate sample variance within each treatment
arm, dividing by ny — 1 for the treated units and by nc — 1 for the control units, and so requires

at least two units in each arm. We therefore assume that ny > 2 and ne > 2, so that n > 4. Let
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the binary indicator variable Z; € {0, 1} denote whether unit 7 is assigned to treatment (Z; = 1) or

control (Z; = 0), and collect these indicators in the random assignment vector Z = [Zl, cee Zn} T.
The set of all logically possible assignment vectors is {0, 1}". The assignment mechanism, however,
places positive probability only on those vectors with exactly nr treated units; we collect these in
the set Q@ = {z € {0,1}" : >, z = nr}, so that Q is the support of Z. Under complete random
assignment, Z is distributed uniformly on ©, and the number of elements in 2, denoted ||, is (n”T)
By contrast, under n independent Bernoulli assignments, there would be 2" possible assignment
vectors. However, even if nr is not fixed by design (as in complete random assignment), we can
fix np by conditioning on its observed value. The randomization distribution conditional on the
realized ny yields the same randomization distribution one would obtain if ny had been fixed ex
ante by design. Hence, this general setup and the proof to follow pertains to both simple and
complete random assignment even though the argument by which one can regard ny as fixed is

slightly different under simple and complete assignment mechanisms.

Adopting the terminology of Freedman (2009) and later Gerber and Green (2012), define a potential
outcomes schedule as a vector-valued function y : {0,1}" — R" that maps each possible assignment
vector z € {0,1}" to an n-dimensional vector of real-valued outcomes. More intuitively, a potential
outcomes schedule is a listing of how each of the n study participants would respond to every
assignment z that the experiment could in principle produce. The ith entry of y(z) is the outcome
that unit ¢ would exhibit under assignment z. The potential outcomes are fized features of the
units; they do not vary with the random assignment. Randomness enters only later, through which

assignment z the mechanism happens to select.

Since the assignment space {0, 1}" contains 2" assignment vectors, the schedule specifies, in principle,
2" outcome vectors. However, under the Stable Unit Treatment Value Assumption (SUTVA)? (Cox,
1958; Rubin, 1980, 1986), unit i’s outcome depends only on its own assignment z; and not on the
assignments of the other units. Accordingly, let y; denote the common outcome value of unit
¢ across all assignments z with z; = 1, and let yo; denote the common outcome value of unit ¢
across all assignments z with z; = 0. SUTVA thus collapses the entire schedule down to just two
fixed numbers per unit, yr; and yc;. The individual causal effect for unit ¢ on the additive scale
is 7, = y1r; — yYci- The vectors yr and yc collect the treatment and control potential outcomes,
respectively, for all n units, and 7 collects the n individual, additive effects. These are all fized, finite
population quantities. The observed outcome for unit ¢ € {1,...,n} is Y; = Zyyr; + (1 — Z;) ycu,
which equals yp; when Z; = 1 and yo; when Z; = 0. Because yp; and y¢; are fixed, the only source

of randomness in the observed outcome Y; is the assignment indicator Z;.

!For an arbitrary set W, let || denote the cardinality of (i.e., the number of elements in) the set W.

2SUTVA implies that (1) units in the experiment respond to only the treatment condition to which each unit
is individually assigned and (2) the treatment condition is actually the same treatment for all units assigned to
treatment and the control condition is the same for all units assigned to control.



It will be convenient to write the finite population means of the treatment and control potential
outcomes as gr :=n"' Y . yr; and Yo = n"t Y ;| yci, both of which are fixed quantities. The
target of interest is the Sample Average Treatment Effect (SATE),

n
ToaTE =1 ZTi =Yr — Yo,
i=1
which is likewise a fixed (though unknown) quantity. Define the Difference-in-Means estimator of

TsaTe under complete random assignment as

n n

. 1 1
(1) T._Eiﬂ ZiYi—E;u—Zi)Yi.
This is the same Difference-in-Means estimator whose unbiasedness the companion guide establishes.
Under complete random assignment, where Y " | Z;, = nr and ) ., (1 — Z;) = n¢ are fixed,
the estimator coincides with the ratio form (3, Z,Yi) / (32, Z:) — (X, 1= Z) Vi) / (32, (1 — Zy)).
Unlike the estimand 7gaTg, the estimator 7 is a random variable, since it is a function of the random
assignment vector Z and inherits all of its randomness from Z. For the expectation and variance
of 7 in Equation (1), I write Eq [-] and Varg [-] to emphasize that they are taken over only the

randomness of the assignment process, i.e., over the distribution of Z on ).

1.2 Derivation of variance of Difference-in-Means estimator for the SATE

Proposition 1. The variance of T for the Tsarg under complete random assignment is

(2) Varg [#] = SrgzinT) n S%EZC) B S,QL?ET)

)

2

1\ © 1 ¢
n—l)z yTi_ﬁZyTi
i i=1

(5) Sn(r) =

(
(1) $2(yo) = (n;) Z . iZyc)
(

1 - 1 ¢ 2

Proof. Building on Imbens and Rubin (2015, Chapter 6, Appendix A), we will break the proof into

several steps:



Step 1: We will show that we can rewrite the Difference-in-Means estimator in (1) in terms of not
the raw assignment indicators Z;, but the centered treatment variable A; = Z; — Eq [Z;]. We center
because the variance measures the fluctuations of 7 around its mean, 7sarg. If we can algebraically
separate 7 into a fixed part (equal to 7sarg) plus a random part with mean zero, then the variance
of 7 equals the variance of the random part alone. Centering the assignment variable produces this

separation and, because Eq [A4;] = 0, greatly simplifies the algebra that follows.

Step 2: The potential outcomes, {yr;, yci},—,, are fixed, and the observed outcomes inherit their
randomness only from the treatment assignment. Once 7 is written as a weighted sum of the A;,
its variance depends only on the first and second moments of the A;. We will therefore derive
Eq [A;], Varg [A;] and Cov [Ai, A]-} for ¢ # j. The covariance term is essential and nonzero. Under
complete random assignment the total number of treated units is fixed at nr, so if one unit is pulled
into treatment another must be pulled out. This mechanical dependence among the assignment

indicators is the source of the covariance term, and we will see that the covariance is negative.

Step 3: We will rely on the expressions for S?(yr) and S?(yc) above, as well as on the following
algebraic equivalence that we will need to prove:

2 < 1 ¢ 1 ¢
(6) Sa(T) = Sa(yr) + Si(ye) — n—1 Z yri — ZyTi yoi — o Zym
i=1 i=1 i=1

Step 4: Once we have completed the three previous steps, we will rely only on the linearity of

expectations, rules of variance and (often very messy) algebra.

Step 1

First, note that we can re-write the estimator as

1 < 1 I ~(n n
;ZiYi—Z(l—Zi)YiZnZ(nTZini—nC(l—Zi)yCz)

ne+n . . ng+n
Because n = n¢ +nr, note that 1 = u, so instead of (1 — Z;) we can write (u — Zi> :

n

) n (nc+nr
*Z* yri — — | ——— — Zi | ycis
n < nr ne n



which after a little bit of algebra yields

(7) > —\Zi——+—yri—— |——|Z—— || vai,
n < nr n n ngc n
~—_———

<<

where A; is the centered treatment variable, A; = Z; — Eq [Z;], because, under complete random
n

assignment, Eq [Z;] = iy
n

Therefore, we can re-write (7) as
R nr n (nc
=) —Ai+—)yri——(— —4i ) vai,
n < nr n nc \ n
which, with a bit more algebra, is equivalent to
n

1 1 < n n 1 < n n
= E (yri — yoi) +— E A; (yTi + yc@'> = TSATE + — E A; (yTz' + yCi)
n n = nr ng n = nr ng

=1

~~
= TSATE

Step 2
Thus far, we have shown that the Difference-in-Means estimator in (1) is equivalent to
(8) . +li‘4' L L

SATE T - “\nrp Yri ne yci | »

in which 7sarg, nc, nr, n, and {ycq, yri b, are all fixed quantities. The only random quantities in
(8) ave {A}]_,.

Therefore, to derive the variance of (8), we now need to derive Eq [4;], Varg [4;] and Eq [A;A;]
for ¢ # j.

To do so, let’s write the sample space of A; as follows:

nc

— if Z; =1
(9) A=z - "=
no | ZM gz =0
n
. nr nr
and recall that, under complete random assignment, Pr(Z; =1) = — and Pr(Z; =0)=1—- — =
n n

n nr n—nr nc

n n n n




n
Derivation of Eq [A;]: It is straightforward to see that Eq [A;] = Eq {Zi - —T] =
nrn
L _ Ty or, equivalently,
non
Bo 4] = S Pr(Z,=1) - "L Pr(z =0)
n n
_hrchr 7nr(y PT
a n n n n
_nehrr PRrhc
a n n n n
= 0.

Derivation of Varg [A;]

Note that Varg [4;] = Eq [47] — Eq [A)]” = Eq [A?] — 0. Thus,
Varg [4;] = Eq [Aﬂ

=0
- )
2 2
n n
_ . T o
2
_ nenr | npnc
n? n n? n
2
nenr | NENe
n3 n3
2
_ n%nT + npne
n3

_ nenr (ne + nr)
— =

_ ngnr (n)

n3

= Eq [Z)]



nenT
n2

Derivation of Cov [AZ», Aj] for i # j: Note that the {4;},_, all have the same expected value,
namely Eq [A;] = 0 for all ¢ (as we just showed), but they are not independent, because fixing the

total number of treated units at ny links the assignment indicators to one another. We therefore
will need to derive Cov [Ai, Aj} for ¢ # j. To do so, first note that

Cov [Ai, Aj] =Eq |:(Az —Eq [Al]) (Aj —Eq [AJD]

= Ea (45— 0) (4; - 0)]

=Eq [Ai4;],

which is easier to work with.

The possible values that A;A; could take on are

AiA;

(

2
”C><”C>:"C if Z;=1and Z; =1

n n

2
—”T> (—"T> =" f7Z,=0and Z; =0.

Having derived the sample space of A;A;, we now need to derive the probabilities that correspond
to each of the events in the sample space of A;A;, namely, Pr (Z,; =1,7; = 1), Pr (Zi =0,7; = 1),
Pr(Z;=1,7; =0) and Pr (Z; = 0,7, = 0).

Remember that Z; and Z; are not independent, which implies that, e.g., Pr (Zi =1,7Z; = 1) #+
Pr(Z;,=1)Pr (Zj = 1). Instead, we will appeal to the definition of joint probability in which



Pr(Zi=22;=2)=Pr(Z;=2)Pr(Z; =72 ==z):

(nT> <nT_1) it Z;=1and Z; =1
n n—1
<"T><”C> if Z;=1and Z; =0
n n—1
Pr (Z2 =2z,Z;= z') =
<”C)(”T) if Z;=0and Z; =1
n n—1
<”C)(”C> if Z; =0 and Z; = 0.
n n—1
We can therefore write the probability distribution function (PDF) of A;A; as
_ _ 2
nr\ (nr—1 :nT(nT 1) ifAiAj:n—C
n n—1 n(n—1) n?
Ay () (e ne\ ( nr \ _2(nrne) o, —nTRC
)= () (25) () (25) -2 w2
_ 2
nic nc _ nc (nC 1) if AZAJ — nl,
n n—1 n(n—1) n?

which implies that

B nZ [ nr(nr —1) —nrne [ 2 (nrne) n% [ ne (ng —1)
EQ[AiAj]ng< n(n—1) >+ n? <n(n—1)>+n€< n(n—1) )

or equivalently, after some algebra,

Step 3

In this step, we will prove the algebraic equivalence between the expression for S?(7) in Equation
(5) above and

(10) S2(r) = S3yr) + Siwe) — 1 > (zm - ;Zym) (ym - izy&) ,
i=1 =1

=1

which will be valuable for our derivation of Varg [7] in Step 4 to follow.



Recall from Equation (5) that

Hence,

1 < 1
= Z (yri — yci) —— Z (yri — yci)
i1 \_;:Z_/ n im1 \1;_/

2

1 1 ' ol
=32 | (v Do) - yc@—n;ycz :

where, in the last line, we have used = 3" | (yri — yci) = = > iy Yri — = iy Yci to regroup each

n n

summand into a treated deviation, (yTi — % S yTi> , minus a control deviation, <ycl- — % Yoy ycl-) .

Expanding the square via (a — b)* = a® — 2ab+ b* and then distributing the sum, this is equivalent
to

2 2
1 < 1 & 1 & 1 &
Sa(r) = n_1 yri — Z?/Ti + n_1 Z Yoi— 2 Yci
i=1 i=1 i=1 i=1
=S2(yr) =SZ(yc)
R 1 & 1 &
- Z Yyri — — Y1i Yyci — — Yci
n—1 i=1 i=1 " i=1
2 = 1 & 1 &
= Sn(yT) + Sg(yC) - 71 Yri — — Yri Yci — E Ycoi



Step 4

Now, to complete the derivation of its variance, note that the variance of the Difference-in-Means
estimator based on the expression of the Difference-in-Means in (8) is:

. 1 — n n
Varq [7] = Varg |7saTE + — E A; <yT¢ + yC’i)
n nr ne

1 " n n
= EVMQ ZAi (nTyﬂ + nC?/Cz‘) )

=1

constant
which, since Eq [A4;] = 0, is equivalent to

2 2

. 1 " n n “ n n
Varg [7] = —5 | Eq > A (yTz‘ + noyCz) —Eo | YA <nTyT¢ + ncycz')
i—1

n
T i—1

constant constant

2

1 & n n
=3 Eq Z A; <nTyTi + nyCi)
=1 c

Expanding the expression immediately above yields

n
. n n
Varg [7] = 3 Eq E A; (TLT yri + P y(h‘)
i=1

2

n

n
n n n n
A; <yTi + yCi) A; <yTj + ij)
— nr ne = nr nc

n

1 - n n n n
=3 Eq Z ZAz'Aj (nTyTi + nc?/c%) <nTyTj + ncyC’j>

i=1 j=1

10



In Step 2 above, we showed that

—nrnc . .
[AA] m When’l/#]

Q [AiAj] =Eq [Aﬂ = Varg [4;] = nfLZT when i = 7,
we now split the double sum » " | 37" | into the n diagonal terms (where i = j, so that A;A; = A7)
and the n (n — 1) off-diagonal terms (where i # j), because Eq [4;A4;] takes a different value in
each case. The split yields

n

. 1 n n 2
Varg [7] = > (nTyTi + ncycz) Eq [A?]

=1 ~——
_nch
=5
" n n n n
+ Z Z —uyri + —yci | | —vri + —ycj | Ea [Aid;]
i=1 g T no nr nc N
—nrngc
nZ(n-1)

We now substitute the expressions we derived for Eq [AZ] and Eq [AA } To keep the bookkeeping
manageable, it helps to abbreviate the (constant) weight multiplying A; as w; = —yTZ + ﬁycu
nr nc

so that the expression above becomes

i=1 i=1 j#i

Varg [7] = % (nch Z n2nTnC ZZwaJ) ‘

Using the identity > i, > wiw; = >r, wi)2 — >, w? and then collecting terms over the
common denominator n — 1,

ncnr B _ _ncnr - )2
Vara 7} = S = nzw (sz - 2

2
w» =

ny.. (w; — 71))2. Finally, substituting back the centered weight, w; — w = n <yTZ- — %Z?:l yTZ-) +
nr

where @ = 13" w; and the final equality uses the standard identity n_, w? — (3,

)

11



n
— (yCi - % > ic1 yCi), and expanding the square, yields
nc

(1)

Now recall that

which yields

2 e g g 2N < IR W I (R &« Y
Varg [T] - nnTSn(yT) + nncsn(yC) + n(n— 1) : (yTz nzyT'L) (yC’L n ZyCz) .

Finally, at long last, it follows that

n n n
Vi =9 —— 9 - P E . P .
arqQ [7—] nnr n(yT) + nne n(yC) + n (n _ 1) - (yTz n 4 yTz) (yCz n Yci

nr ne n n n(n—1) 4

52 S2 52 52 p R 1 & 1 ¢
- a(yr) + alye) _ Sulyr) _ S(ye) + Z (yTi - yTi) (yCi - = yCi)

_ S%(!IT) STQL(’!/C)

nr ne n (TL _ 1) £ Yyri n £ Yyri Ycoi n - Ycoi

1

=S3(r)

As we showed in Step 3, the bracketed term in the expression immediately above is equal to S%(7),
which leaves us with

Siyr) | Siwe) _ SA(r)

nr ng n

(12)

12



[]

Each of the three terms in this variance has a clear meaning. The estimator 7 is the difference

between the treated group mean and the control group mean, so its variability comes from two
Salyr)
nr
the spread of the treatment potential outcomes, S%(yr), and shrinks as we average over more
Salyc)

ne
mean. If the treated and control means were computed on two independently drawn groups, these

pieces. The first term, , is the variability contributed by the treated mean. It grows with

treated units, ny. The second term,

, is the analogous variability contributed by the control

first two terms would account for the entire variance.

a(7)

The two means are not independent, however, and the third term, ————=, corrects for the
dependence that complete random assignment induces. The treated ang control groups are
complementary, since every unit assigned to treatment is a unit withheld from control, so the
treated mean and the control mean are negatively coupled. The coupling runs through the individual
treatment effects, which is why the correction involves S?(7), the finite population variance of the
individual effects 7; = yr; — yc;. Two consequences follow. First, the correction enters with a minus
sign and therefore lowers the variance; ignoring the correction would overstate the variance, which
is what makes the conservative variance estimator (developed in the next section) conservative
rather than anti-conservative. Second, when the treatment effect is constant across units, 7; is the
same for all 7, so S%(7) = 0, the correction vanishes, and the spreads of the two sets of potential

outcomes fully determine the variance.

The expression we just derived for Varg [7] is the true variance of the Difference-in-Means estimator.
It is mathematically equivalent to Equation 3.4 in Gerber and Green (2012, 57), which differs
from the expression in Equation (12) above because the variances and covariance of treated and
control potential outcomes in Gerber and Green (2012, Equation 3.4, 57) use a denominator of n
as opposed to n — 1 as in Equations (3), (4) and (5) above. The corollary below establishes this

equivalence.

Corollary 1. An equivalent expression for the finite sample variance of the Difference-in-Means

estimator under complete random assignment is

1 neo? npo?

(13) Varg [#] = ( couyr) | TU“(yC>+zan(yC,yT)>,
n—1 nr no
where
2

1\ — 1 &
14 2 = | — P — — i
(14) o, (yr) (n) Yr n Yr



2

1\ « 1<
(19 oitwe) = () 3 {ver— 2 e
; =1
1\ « 1< 1 <
(16) on(yc,yr) = - Z yoi — ZyCi yri — Z?Jﬂ
i =1 =1

Proof. Recall the expression for Varg [7] in Equation (11):

2 2
n n

. ne 1< nr 1 En
V = ;g — — i 1 L, i
arq (7] nnr(n—1) Z T ;yT " nnc (n —1) Z YT i=1 e

i=1 i=1

n

2 1 & 1 &
—i—mz yTi_E;yTi yCi_E;yCi

i=1
Then, appealing to the definitions 2(yr), 02(yc) and o, (yc, yr) above, yields

nr 2

mai(yc) + (n— 1)0n(y07 yr)

e 2
Varg [7] = - 1)0n(yT) +

_ 1 (ncai(yT)+nTUi(yc)

2 n ) )
1 o e + 200(yc y:r)>

which completes the proof. O]

2 Conservative estimation of the variance

Having derived the true variance Varg [7], we now turn to estimating it from the observed data.
Absent additional assumptions, we cannot estimate Varg [7] unbiasedly. The obstruction is the
same in both equivalent expressions for the variance. Each expression depends on a quantity that
couples a unit’s two potential outcomes, namely the covariance o, (yc, yr) in the Gerber—Green
form or the effect variance S2(7) in the Imbens-Rubin form, and we never observe both potential
outcomes for any single unit (the fundamental problem of causal inference). What we can do is
construct an estimable quantity that is at least as large as the true variance and estimate that
quantity instead. The resulting estimator is conservative, in the sense that on average it weakly
overstates the variance, which yields valid confidence intervals (possibly too wide) rather than

overconfident ones.

We establish the upper bound in two ways, starting from each of the two equivalent expressions

14



for the variance. Both routes arrive at the same conservative estimator. We first record the two

expressions for reference. The Imbens—Rubin form (Proposition 1) is

(17) Varg [7] = SZT(me i 537(:;0) _ 537(:)

Y

and the Gerber—Green form (the Corollary above) is

(18) Varg [T] =

1 [ncon(yr) n nraa(yo)
n—1 nr no

+ 20, (yc, yT)> :

2.1 Approach 1 (Gerber—Green expression): bounding the covariance

In Equation (18), we can estimate the variances o2 (yr) and o2(yc) unbiasedly, but we cannot
estimate the covariance o, (yc,yr). The first approach replaces the unestimable covariance with

an estimable upper bound. The Cauchy—Schwarz inequality implies that

on(ye, yr) < Vo2(yc)o2(yr),
and the AM-GM inequality further implies that

VAwe)odlyr) < =¥l L olur)

Hence 20, (yc,yr) < o02(yc) + o2(yr). Substituting this bound for the covariance term in
Equation (18), and then collecting the two terms in each potential outcome’s variance, yields a
simple upper bound. The key simplification is that pairing the cross term with the matching

squared term gives, for example,

ne o2 ne+n no?
C n(yT) 2<yT) C T O_TQL(yT) _ n(yT)
nr nr nr

Y

and likewise for the control variance. Carrying this out,

Varg [7] =

1 (ncoa(yr) N nran(yc)
n—1 nr ng

+ 2an(y07 yT))

1 neo? nro?(yo
< ( n(yT) + n(y )+0'721(yT)+0'721(yC)
n—1 nr ne

1 ncoa(yr) | o nrol(yc) | o
=7 o +Un(yT)+T+Un(yC)

=no2(yr)/nr =no2(yc)/nc

15



_n (ai(w) az<yc>>
— + .
n—1 nr ng

We can estimate the two remaining unknowns, o2(yr) and o2(yc), unbiasedly. Following Cochran

(1977, Theorem 2.4), unbiased estimators are

2

- n—1 1 «
azm):( )zz vi- Ly oy
=1

ny —1
2
5 n—1 i 1 <

G =— 1-Z) [ vi—- —Y (1 - 2)Y;

o,(yc) n(ne — 1) ;( i) | Ve ne ;( i)Yi
These estimators depend only on the observed outcomes. The factor Z; selects the treated units,
for which Y; = yr;, and (1 — Z;) selects the control units, for which Y; = y¢;. The leading factor
=2 1 converts the ordinary sample variance, which is unbiased for S2(-), into an unbiased estimator
of oZ(-), since 02(+) = =1 52(-). Substituting these into the upper bound gives the conservative

variance estimator

(19) Vata [ = " (aﬂyﬂﬁz(ya)

n—1 nr no

2.2 Approach 2 (Imbens—Rubin expression): dropping the effect variance term

The second approach starts from Equation (17) and is more direct. The only term we cannot
estimate is S%(7), the finite population variance of the individual effects, since computing S2(7)
would require knowing both potential outcomes for each unit. Notice that S?(7) enters with a

minus sign and is always nonnegative. Therefore

Varg [7] = Sa¥r)  Silye)  Su(m) _ Silyr) | Silye)
nr ne n B nr ne
>0

That is, simply dropping the nonnegative term we cannot estimate produces an upper bound. The
two remaining terms depend on one potential outcome per unit and can be estimated unbiasedly

by the corresponding sample variances within each group,

2

~ 1 - 1 —
Sulyr) = <nT_1> 2 Zi|Yim o) 2,
=1 =1

n n

Sitwe) = () Sa-2) (¥i- 2> u-zm)

n
=1 c i=1
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which are well defined because ny > 2 and ng > 2. Substituting these into the upper bound gives

the conservative variance estimator

— 1 ~ 1 ~
(20) Varg [7] = —Si(yr) + —S2(yc).
nr ng

2.3 The two approaches give the same estimator, and how conservative it is

The two routes produce the same estimator. To see the equivalence, recall that 62(yr) = %gi(yT)
(compare the two pairs of estimators above), so that

n G3yr)  n  n—1 Siyr) Si(yr)

n—1 np n—1 n nr nr

Y

and likewise for the control term. Hence Equation (19) and Equation (20) are identical; the
Cauchy—Schwarz/AM—-GM bound on the covariance and the dropping of the nonnegative effect

variance term are two ways of describing the same approximation.

Finally, the conservative estimator overstates the variance by an amount we can compute exactly.
Because S2(yr) and S2(yc) are unbiased for S2(yz) and S2(yc),

_ Si(yr) n S2(ye) _ Varg [7] + Sﬁ(r))

nr ne n

Eq |Varg [7]
where the last equality uses Equation (17). Therefore

Eq [Vata [7]] — Vara ] = 5a(7)

n

207

so the estimator’s upward bias is exactly S2(7)/n. The estimator is conservative in general, and it is
ezactly unbiased when the individual treatment effects are constant across units, i.e., when S2(7) = 0
(equivalently, when 20, (yc, yr) = 02(yc) + 02(yr), so that the Cauchy—Schwarz/AM-GM bound
in Approach 1 holds with equality).
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